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CHAPTER 1. INTRODUCTION 
The study of cable dynamics is a classical problem, and the analysis of oscillations 
of a cable has been of interest for many decades. Currently, wind-excited oscillations 
of overhead lines continue to cause serious wear in cables and their structures. 
A wide range of problems and applications are encountered in the literature; this 
literature, however, varies greatly in terms of simplifying assumptions and solution 
techniques. The simplest problem, of course, is the vibrating string problem with 
its attendant assumptions of constant cable tension and small deflections [1]. Other 
solutions are available for certain restricted classes of the nonlinear equations of 
motion for large deflections of an elastic string [2, 3]. 
The oscillations can be divided into three main categories: high-frequency aeolian 
vibrations, produced by vortex shedding from the cable; subconductor oscillation, 
which only occurs where cables are himg in bundles of two or more and is caused 
by the effect of the wake of one conductor upon another; and finally, large-scale 
oscillations, known as galloping, which are usually caused by asymmetric ice accretion 
on the conductors [4]. 
The vibration modes and natural frequencies of a single, inextensible cable have 
been analyzed by Goodey [5], Pugsley [6], and Saxon and Cahn [7]. Dominguez [8] 
used an inextensible discrete system approach to formulate the initial value problem. 
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which is solved by using Laplace transforms. Cowper et al. [9], Irvine[10], Soler [3], 
and West et al. [11] determined the natural frequencies from the equations of motion 
for small oscillations of a shallow catenary. 
It is generally agreed that cable galloping is the result of the aerodynamic insta­
bility of ice-coated cables. This instability can be defined in terms of measurable aero­
dynamic properties of the airfoils and the characteristics of the mechanical system. 
Galloping oscillations can cause interphase clashing, which may lead to flashovers 
that usually result in disruptions in the electrical power supply. Galloping can cause 
impact damage to insulator strings, support hardware, and tower components. 
The galloping phenomenon is highly complex because of the nonlinear, geometry-
dependent, time-varying aerodynamic loads and the resulting amplitudes of vibration, 
which may cause interactions between various vibration modes and also between 
adjacent spans and their support hardware [12]. To establish the basic mechanism of 
cable galloping, researchers have presented theories that try to explain the galloping 
phenomenon. At least two mechanisms have been introduced; the Den Hartog theory 
and the torsional theory. The Den Hartog theory argues that instability occurs when 
the absolute value of the negative slope section of the lift coefficient is larger than 
the drag coefficient [13, 14]. 
Ruedy [15] proposes that torsional motion is an integral part of the galloping 
phenomenon and that its coupling with the translational motion is responsible for 
most cases of large amplitude vibrations. Ruedy [15] and Cheers [16] suggest that 
the torsional displacements have a considerable effect on the instability of the con­
ductor during the initiation of the vibration. Nigol and Buchan [17, 18] have done an 
extensive study concerning the vibration of a model transmission line in a simulated 
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environment. They conclude that the Den Hartog mechanism is not the cause of 
galloping. Their opinion is that galloping is caused largely by a self-excited torsional 
mechanism. The torsional theory suggests that galloping is caused by wind-induced 
torsional oscillations of the iced conductor that generate vertical oscillatory aerody­
namic forces. 
McConnell and Zemke [19] have studied the coupled axial-torsional properties of 
ACSR electric conductors and Samras et al. [20] have studied the coupling effect of 
underwater cables; both groups obtained similar results on the torsional-extensional 
properties. Samras et al. [20] based their analysis on a linear model that is rather 
limited in its application, because a nonlinear system such as a catenary can be­
have quite differently than a linear system. However, the coupling effect developed 
separately by these two groups suggests that axial-torsional coupling may provide a 
tentative explanation for the torsional mechanism that appears to control galloping. 
A model that included extensional deformation was studied by Nariboli and 
McConnell [21]. Extensional and curvature effects were limited to the derivation 
of the basic equations for an initially curved one-dimensional body, and axial and 
transverse deformations were taken into account. 
McConnell and Chang [22] used numerical simulation to study the effects of a 
conductor's coupled axial-torsional properties on cable dynamics. The simulation 
results were checked against a taut string model (a well-known classical problem), 
Shea's critical-sag criterion [231, and experiments with a thin-wire catenary [22]. They 
concluded that vertical motion can be mechanically induced by torsional motion of 
the cable in the absence of any air flow. Conversely, they show that vertical motion 
can induce torsional motion. 
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Devices such as detuning pendulums have been used to control the galloping 
phenomenon. These devices have been evaluated in field trials by many utilities 
worldwide. Their performance data have been accumulated to the point where these 
devices show a capability to control galloping [24]. 
It was concluded by Myerscough [25] that a conductor appears to settle ulti­
mately into an oscillation pattern dominated by one particular harmonic or mode 
shape. Since the vertical motion is most dominant during galloping motion, we con­
centrated our attention on developing a mathematical model that includes only the 
first few mode shapes. This model should provide guidance in designing an energy 
absorber that will reduce both the magnitude of galloping and the peak impact loads 
that can occur at the support structure. 
A two-degrees-of-freedom vibration model is presented that illustrates the basic 
principles required to control power line motion through support damping. This 
model introduces the basic parameters that are available to control motion as well as 
the idea of reduction in galloping 
The basic equation governing the behavior of the cable is developed first, since 
different boundary conditions change the vibrating characteristics of the cable. Hence, 
the first case considered is that of a taut string under tension with both ends fixed. 
The solutions for other boundary conditions are then compared to this basic case in 
order to understand how the various boundary conditions affect cable behavior. 
A mathematical model was developed in which the conductor is represented by 
a taut string and the insulator support is modeled as a mass, spring, and damper. 
A technique called modal modification was employed to study this model. The ad­
vantage of this technique is that once the computer model is working with the taut 
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string, it is a rather simple matter to implement a multispan catenary model. A 
computer program was written to simulate the behavior of the cable under certain 
boundary conditions while different types of excitations are applied to the cable. 
Based on this mathematical model, a highly versatile energy absorber system 
using an air spring was designed, built, and installed on the center phase of a 161 kV 
power line. The air system has six air tanks, each one with its own valve connected 
to the main air line. The system also ha^ a gate valve between the tanks and the air 
bags. The gate valve can be adjusted to control the amount of support damping. A 
displacement transducer measures the insulator motion of the middle phase, and a 
force transducer measures the insulator support force. The insulator support forces 
were also measured on the two other phases for comparison purposes. These phases 
are called the south and north phases. 
The damping that occurred in the three phases when they were excited manually 
was estimated using three different approaches: exponential fitting, energy loss per 
cycle, and kinetic energy ratio. The results indicate that the energy absorber is 
effective. 
6 
CHAPTER 2. A SIMPLE TWO-DEGREES-OF-FREEDOM SYSTEM 
MODEL 
Knowing that some devices have been used to minimize the effects of conductor 
galloping, we turn our attention to the support point at the structure. This is an 
easily accessible point for the installation and maintenance of a device that should 
be able to extract energy from the cable during the galloping and therefore minimize 
the magnitude of loads transmitted to the supporting structure. The question is, 
can we lower the magnitude of conductor motion and the force transmitted to the 
structure by using a soft support? In order to gain some insight into the answer to 
this question, we shall first study a simple model of a two-degrees-of-freedom system, 
a rather simple system compared to the cable system itself. 
Our goal is to verify the idea that a soft support can mitigate the amplitude of the 
conductor motion during galloping and also reduce the amount of force transmitted 
to the support structure. 
The simplest model 
The two-degrees-of-freedom vibration model shown in Fig. 2.1 is used to illus­
trate how energy absorption may be used to control power line galloping. In this 
model, the energy absorber consists of spring Ka-, damper Ca, and mass Ma, and the 
7 
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Figure 2.1: Energy absorber and original system 
fundamental galloping conductor mode (or first galloping frequency) is represented 
by spring Kc, damper Cc (which is usually less than 1% of critical damping), and 
mass Mc- The aerodynamic excitation force is F{t). Coordinates Xa{t) and Xc{t) rep­
resent the absorber and cable motion. Mass Ma represents the insulator plus other 
hardware mass at the structure and power line interface. 
Response of original system without energy absorber 
If Ka is infinitely stiff so that Xa{t) is zero, then the original system's motion is 
governed by 
Mc Xc{t)  + Cc Xc(i)  + Kc Xc(i)  = F{t)  = Fo exp{jQ,t)  (2.1) 
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where the dots indicate differentiation with respect to time, FQ  indicates the ampli­
tude of a  sinusoidal excitation,  indicates tfc excitation frequency, and j  = y/—!. 
Assuming standard phasor solution procedures, we let 
^cit)  = Xc exp{ji l t)  (2.2) 
We define the natural frequency (or first galloping frequency) of the original 
system as 
Uc = (2.3) 
and the dimensionless damping ratio as 
Cc = 
Thus, Equation 2.1 reduces to 
Xc 
2 y/K c^ 
1 
(2.4) 
Fo I  Kc 1-r^ + j 2r Cc 
where the excitation to the original system natural frequency ratio r is 
(2.5) 
r = 
i i ,  
(jJa (2.6) 
The magnitude of the displacement ratio in Equation 2.5 is given by 
1 
Fo / K, (2.7) y( 1 - r2 )^ + ( 2 r Cc )2 
Therefore, if we excite the system with = Wc (r = 1), the maximum magnitude 
is given by 
/  V -  \ 1 (2.8) 
Fo /  Kc 
 
2Cc 
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The question is, can the damped absorber system consisting of mass Ma, damper 
Ca, and stiffness Ka be adjusted in such a way as to reduce the vibration of the orig­
inal system when excited by force FQ with the new combined system's fundamental 
natural frequency? The excitation frequency is changed to match that of the system 
because the exciting mechanism for power lines during galloping is self-excitation. 
This mechanism tends to lock onto the lowest natural frequency of the system. 
Combined system response 
Now consider the original system and the absorber system together. For this 
case, the differential equations of motion become 
Ma Xa{t)  + [Ca + Cc] Xa{t)  — Cc Xc{t)  -f-
-h [ Ka -I- Kc ] Xa{t) -  Kc Xa{t) = 0 (2.9a) 
Mc Xc{t) -I- Cc Xc{t) -  Cc Xa{t) + Kc Xc{t) -
— Kc Xa{t) = Fq exp (jfit) (2.9b) 
V/e assume that a:a(i) is a phasor of the same frequency as the phasor Xc{i) so that 
=  X a  e x p ( j n f )  (2.10) 
Substituting Equations 2.2 and 2.10 into Equations 2.9 and canceling exp{jQ.t)  gen­
erates an algebraic equation in matrix form of 
[ /I 1 -f Y 1- = 
L J ^ ' 
^ f ^ 
J 
^2  11^  v-' / 
where 
A  
Ka + Kc-MaO:" + j n { C a  +  C c )  - K c  -  j 9 .Cc 
-Kc -  jnCc Kc -  M e +  j  Cc 
(2.12) 
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{ x }  =  Xa 
Xc 
(2.13) 
{/} = 0 
Fo 
(2.14) 
The system's natural frequencies (eigenvalues) are obtained by setting the real 
part of the determinant of the matrix equal to zero. We can solve for the 
response phasor Xc by using Cramer's rule. After some algebraic manipulation this 
gives 
Xc = 
where 
jPo Xlac 
xiac [Kc + jnCc] -  {K, -  jnCcf (2.15) 
Xlac = Ka + Xe - + j n ( C„ + a ) 
We define the natural frequency of the absorber system as 
OJa = 
and the dimensionless damping ratio of the absorber system as 
In order to do a parameter study, it is convenient to write Equation 2.15 in terms 
of dimensionless ratios of the following quantities: the dimensionless mass ratio given 
by 
(2.16) 
(2.17) 
(2.18) 
a = 
and the natural frequency ratio given by 
Wc 
(2.19) 
(2.20) 
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Then, we can write the Equation 2.15 as 
Xc X2, ac (2.21) 
Fo / A'c X2ac [1 - r2 + j2rQ - (1 + j '2rCc Y 
where 
\  ^  a )+ j 2r [cc ^  (2.22) 
It is clear that the maximum magnitude in Equation 2.21 can be expressed as 
-jr^ ) = /(a, /3 ,r,Ca,« (2.23) 
because the original system parameters (Mc, Cc, and A'c) are specified for a given 
conductor. The value of the damping ratio Cc is quite small (around 0.01 or less). 
The mass ratio a is in the range from 0.10 to 0.30, and the frequency excitation ratio 
r varies from 0.30 to 1.30. Thus, we need to find the maximum response amplitude 
for a given value of ^ and ^c. 
However, it is seen that the value of Ca is related to Ka and Ma, the quantities 
that we are trying to optimize for a given application. It turns out that we can 
reduce this complication by introducing a new variable. We do this by solving for 
the required foundation damping in terms of a, Kci and Mc from Equations 2.3, 
2.4, 2.17, 2.18, 2.19, and 2.20 to obtain 
Ca = 2a l3Ca y / i^c = T M, (2.24) 
where F is defined as 
r = 2a/3Ca (2.25) 
the damping mass frequency variable that is used for analysis purposes. Therefore, 
Equation 2.21 becomes 
Xc Xdac 
F Q  / Kc X3ac [1 - r2 + j2rQ - (1 + i2rC<. )^ (2.26) 
12 
where 
X3ac = 1 + a (/?' - ) + i r (r + 2 Co ) (2.27) 
Reduction factor 
The reduction factor R is defined as the ratio of the original maximum response 
from Equation 2.8 to the maximum response from Equation 2.23. This ratio is given 
Curves of the reduction factor as a function of ^ and F for different values of 
a (0.01,0.05,0.10,0.20,0.30, and 0.50) have been developed. For each value of a 
curves are plotted in Fig. 2.2 through Fig. 2.7. These plots show a grid of three-
dimensional points of R(r,j3) for a specific value of q. The continuous lines on the 
bottom surface are the contour lines of a constant reduction factor. 
An analysis of these plots indicates that optimum reduction occurs when F is 
close to 2.0 (F is somewhat dependent on the value of /?). Since these reduction 
curves are quite flat as a function of F, it is claimed that the first estimate of optimum 
damping is given by F = 2.0. Thus, the reduction factor is plotted in Fig. 2.8 as a 
function of /3 for various values of a and F = 2.0. 
Clearly, lower values of a are required in order to have a large reduction factor 
over a larger range of frequency ratio /3. It is apparent that a practical set of values 
is ^ = 8.0, a = 0.10, and i? « 2.0. Hence, the introduction of damping through a 
tuned base can reduce the amplitude of vibration of the original system. 
This information indicates that it is possible to control the amplitude of vibration 
of the conductor by'introducing damping in the foundation. The absorber system also 
by 
R = X3ac [1 - + j2rCc] - (1 + i2rCc f (2.28) 
2 Cc X3.C 
13 
provides softness that will reduce the impact load's action on the support structure, 
mitigating the hardware failure. 
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CHAPTER 3. TAUT CABLE - INITIAL PROBLEM 
The basic equation governing the behavior of a cable is developed first. Then 
the effects of different boundary conditions on the vibration characteristics of the 
cable are examined. Thus, the first boundary conditions considered will be those of 
a taut string under tension with both ends fixed. The solutions for other boundary 
conditions are then compared to this basic case in order to understand how these 
various boundary conditions change the cable's behavior. 
The governing equation 
First consider a differential element of a taut cable under tension T  where density 
per unit length is considered constant, as shown in Fig. .3.1. The cable is assumed 
to be like a string and offers no resistance to bending moments. It is assumed that 
cable tension is so large that the action of the gravitational force on the cable can be 
neglected. It is further assumed that the string performs a small transverse motion 
in a vertical plane. The deflection and slope at every point of the string is small in 
absolute value so that any variation in the tension due to the displacement of the 
string is negligible. From these assumptions and the free-body diagram of a portion 
of the deflected string, the resulting equation of motion in the vertical direction [26] 
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is given by 
where 
Figure 3.1: A differential element of a taut string 
RJ. i  — —  =  p 
dx^ dt^ 
(3.1) 
• P mass of the string per unit length 
• T [iVj— tension caused by stretching the string 
• L [m]— span between the fixed end points 
•  y  [m]— displacement in the vertical plane 
Using the separation of variables approach, we can write y { x ,  t )  in Equation 3.1 
as the product of two functions so that 
y { x , t )  =  X { x )  Q { t )  (3.2) 
where X { x )  depends only on space variable x, and Q { t )  depends only on the time 
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variable t .  Thus, Equation 3.1 becomes 
Q ( t )  T X " { x )  „  
W) " I'W) = --* = 
where the dots denote diiFerentiation with respect to and the primes denote dif­
ferentiation with respect to x. We consider only negative values for the separation 
constant since positive values lead to unbounded solutions in time, an event that 
does not occur physically. Equation 3.3 contains two differential equations, one for 
variation in time and one for variation in space. The time-based equation is given by 
Qi t )  +  Q{ t )  = 0 (3.4) 
while the space-based equation is given by 
X " { x )  X { x )  =  0 (3.5) 
where the phase speed of the wave is defined by 
Equation 3.5 has a general solution given by 
X(x) = A sin f + B cos ( ^ (3.7) 
The boundary conditions determine the eigenvalues (values of A) for which there are 
solutions. 
Both ends fixed 
The fixed-end boundary conditions are given by 
y i O , t )  =  X(0) Q { t )  =  0 (3.8) 
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y { L , t )  =  X { L )  Q { t )  =  0 (3.9) 
which must hold for all time t  so that the spatial function must satisfy these require­
ments. Thus Equations 3.8 and 3.9 reduce to 
X(0) = 0 (3.10a) 
X { L )  = 0 (3.10b) 
Applying Equation 3.7 to these boundary conditions gives 
jSC(O) = 5 = 0 (3.11) 
and 
X { L )  =  A  s i n  ^  ^  ^ = 0  ( 3 . 1 2 )  
where A = 0 gives a trivial solution. Hence, 
s i n  (  —  )  = 0  ( 3 . 1 3 )  
which requires that 
A L 
= n TT n = 1,2,3,...,oo (3.14) 
These values of X are the eigenvalues that determine the string's natural frequencies. 
The eigenvalue ratios in Equation 3.14 can be written in a dimensionless form as 
_ _ An Ir /o 1 
i-'Ti — — tc ;i 
a  
The corresponding mode shapes for each value of n  are given by 
Xn{x) = An sin ^ ^ (3.16) 
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Figure 3.2: Mode shapes for fixed ends 
where the mode shapes are multiples of half sine waves. The first six mode shapes 
are shown in Fig. 3.2 
The final solution for the position of the string with time is given by a summation 
of the products of all eigenfunction solutions and all time-based functions such that 
^ Xnix) Qnit) (3.17) 
n=l 
Mass and spring at the left end - right end fixed 
If we allow the left end of the string to slide vertically in a frictionless sleeve 
attached to a ma^ss-spring arrangement as shown in Fig. 3.3, v/e will have a new 
dynamic boundary condition that is defined by 
d x  dp (3.18) 
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Figure 3.3: A taut string with attachment mass-spring at left end and fixed at right 
end 
where 
• ML [%]— mass at the left attachment 
•  KL [ N / m ] —  stiifness at the left attachment 
For the fixed right end, we have the same situation described by Equation 3.10b. 
Applying the boundary condition at the right end to Equation 3.7 gives 
(¥) A  =  - B  COS (3.19) 
SO that Equation 3.7 becomes 
B  
X L \  sm 
X  { L  —  x )  
) L 
where diiferentiation with respect to x  gives 
(3.20) 
X'(x) = - B  X  
° sin ( ^ ) 
cos 
X  { L  —  x )  (3.21) 
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Substitution of Equations 3.21 and 3.4 into Equation 3.18 gives 
{ T X'(0) + [ Mi A2 - K l ] X(0) } Q { t )  = 0 (3.22) 
Since the time function Q{t) is not zero all the time we have 
[ Mi - KL 1 sin( — ) - — cos( — ) = 0 (3.23) 
'• ^ CL d d 
or, in a dimensionless form, 
<7^  ~ cr ) — a cos( a ) = 0 (3.24) 
where the left-end mass ratio is defined by 
ML Aii = — (3.25) 
P  ^  
and the left-end spring ratio is defined by 
n = (3.26) 
Equation 3.24 is a transcendental equation that can give us an infinite number of 
values for a which correspond to the system's natural frequencies; it is used to 
obtain the respective mode shapes. Therefore, v/e have the n  roots A„ v/ith n  =  
1,2,..., GO. Consequently, the general solution for the mode shapes can be rewritten 
as 
Xn{x) = . sin [ o-„ ( 1- y 
sm( ( T n )  L \ L  J  (3.27) 
The mode shapes for a case where [ii = 0.10 and = 5.00 are shown in Fig. 3.4, 
where it is evident that the left-end motion is significantly affected by the change in 
boundary condition. The higher natural frequencies are affected only at the left end, 
while the midpoint to the right end shows little change. 
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Mass and spring support between ends while ends are fixed 
Next, we consider the case where a mass-spring type of support is located at 
position 0 < X = d < L and the ends are fixed, as shown in Fig. 3.5. For this 
case. continuous at x  =  d ,  but its slopes can be different. Hence, the 
continuity condition requires 
L = d - £ = Ix = d + S (3.28) 
where d  —  e  refers to left of the support and d  +  e  t o  the right of the support. 
The dynamic force balance at the support midpoint is given by 
d y { x , t )  
d x  -  T  
d y { x , t )  
d x  = { ^=d—s 
(3.29) 
x=d 
where 
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Support 
Cable 
Figure 3.5: A taut cable system with undamptd spring mass support at x = d 
• Ms [%]— mass at the support 
®  K s  [ N / m ] —  stiffness at the support 
and the continuity condition leads to 
X { d  +  e )  =  X { d - e )  (3.30) 
This case generates two eigenvalue problems, one for the left side of the support 
and one for the right side of the support. Thus, we need to solve simultaneously both 
X L " { x )  +  X L { x )  = 0 0 < x < d  (3.31) 
and 
X B : ' { x )  +  X R { x )  = 0 d < x < L  (3.32) 
where X L { x )  refers to the left span and X R { x )  refers to the right span. The general 
solution for each equation becomes 
X L { x )  = Aisin^^-^^ + Bi, cos 0 < x < d  (3.33) 
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XR{ x )  =  Ah sin + BRCOS d <  x  <  L  (3.34) 
Application of boundary conditions in Equation 3.10 to Equations 3.33 and 3.-34 gives 
(3.35) 
sin [ 1 sin( ^ ) 
X L { x )  =  -  A t  ^  °  J  Q < x < d  
X R { x )  =  —  AL 
cos sin (^) 
> 1 Sin 
cos ( V' ) 
which, when substituted into Equation 3.29 can be reduced to 
d  <  x  <  L  (3.36) 
[a ^ MS - Ks ] sin X { L - d )  sm A d  T X .  f XL sin = 0 (3.37) 
Equation 3.37 is a transcendental equation that gives an infinite number of nat­
ural frequencies for the system and can be reduced to a dimensionless form as 
^fis — T5 j sin( a Ld ) sin( a v ) — a sin( cr ) = 0 (3.38) 
where the support-mass ratio is defined by 
MS = Ms (3.39) 
the support-spring ratio is defined by 
''"s 
Ks L (3.40) 
the support-position ratio is defined by 
d  
"  = L (3.41) 
and the right-hand side ratio of the support is defined by 
L d  =  1  —  V  (3.42) 
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Table 3.1: Four cases studied for fxs = 0.10 
Case V Ts 
A1 0.55 2.0 
A2 0.55 8.0 
A3 0.55 200.0 
A4 0.51 200.0 
Thus, the space function solution from Equations 3.35 and 3.36 becomes 
^ sill( (Tn L d )  .  f (Tn X \ „ , 
XLn{x) = ; 7— r sm ( —) 0 < a; < c? (3.43) 
cos( <7„ ) sm( (Tn y ) \ L J 
XRn{ x )  =  —- sin [ cT„ f 1 — d < x  < L (3.44) 
cos( cr„ ) L \ L / J 
where the dimensionless roots cr„ are determined from solving Equation 3.38. These 
equations define the mode shape for each natural frequency. 
To see their effects on mode shape we let the support-stiffness ratio TS and 
support-position ratio v vary as shown in Table 3.1. The value for the support-mass 
ratio y-s = 0.10 is near the value found usually in actual power lines. The first six 
mode shapes are shown in Fig. 3.6 through Fig. 3.9. 
Case A1 shown in Fig. 3.6, has a very soft spring support which has little effect 
on the cable dynamics, causing variations in the mode shape slope only at the support 
point. For Case A2, Fig. 3.7 shows the effects of increasing spring stiffness: the first 
mode shows a marked change in slope at the support compared to that in Fig. 3.6. 
Note that the third mode shape has a nearly continuous slope at the spring support 
in comparison to its counterpart in Fig. 3.6. 
29 
mu_S= 0.10 tau_S= 2.00 nu = 0.55 
a A 1 
I X 
n\\ 
1 \\ 
1 N 
1 
1 
0 
3 
A 
V 
• Mode 1 
—O Mode 2 
A Mode 3 
0 Mode 4 
« Mode S 
V Mode 6 
. 
—1 
1 
l<=Suppo 
1 
1 
1 . 
t 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Dimensionless Span [ x / L ] 
Figure 3.6: Mode shapes for fixed ends and undamped mass-spring support -
Case Al 
mujS= 0.10 tau_S= 8.00 nu^O.SS 
o 
"O 3 
"5. 
E 
< 
• Mode 
o Mode 2 
A Mode 3 Support 
Mode 4 
Mode 5 
Mode 6 
Dimensionless Span [ x / L ] 
Figure 3.7: Mode shapes for fixed ends and undamped mass-spring support 
Case A2 
30 
Case A3 is shown in Fig. 3.8, where each mode shape is shown independently for 
clarity purposes. It is clear that a dramatic change in mode shape has occurred due 
to the introduction of a much stifFer central support spring. Modes 1 and 2 are the 
system's first and second natural responses, where mode 1 is the fundamental natural 
frequency for the left-side span and mode 2 is the fundamental natural frequency for 
the right-side span. Similarly, modes 3 and 4 represent the second natural frequency 
in each span and modes 5 and 6 represent the third natural frequency in each span. 
Thus, for the left-side span, the resonance frequencies are the odd system frequencies 
and modes given by 
= <7(2„ - 1) (3.45) 
and for the right-side span, the resonance frequencies are the even natural system 
frequencies and modes given by 
CTRn = <^(2n) (3.46) 
It is clearly evident that a large discrepancy in amplitudes occurs between the 
spans for each natural frequency; in fact, the responses differ so much that they 
appear to be nearly independent. This discrepancy in mode-shape magnitudes is 
shown in Table 3.2 where the values of (t„, X^ax Left, Xmax Right, L/R, and R/L 
are tabulated. First, we note that ctj and <72, and <74, and as and differ from 
each other by about 22%. These variations in (r„ indicate that natural frequencies 
for nearly identical mods shapes of vibration differ by 22%. 
Second, we see that the maximum amplitude ratio for mode 1 is 18.70, with the 
left span having the largest amplitude, while the maximum amplitude ratio for mode 
2 is 18.06, with the right span having the largest amplitude. 
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Table 3.2: Dimensionless frequency, maximum modal amplitudes, and amplitude 
ratios for the six modes of Case A3 for iis = 0.10 
Both ends fixed - Case A3 Ts = 200.0 V = 0.55 
Mode CTn ^TUCLX Ij^ft Xmax Right L/R R/L 
01 5.65 18.707 1.000 18.70 
02 6.90 0.069 1.262 18.06 
03 11.31 15.070 1.001 15.04 
04 13.79 0.293 3.808 12.95 
05 16.96 10.156 1.004 10.11 
06 20.69 0.417 2.867 6.86 
Third, the pattern is repeated for both the third and fourth modes, where L/R 
= 15.04 for the third mode and R/L = 12.95 for the fourth mode, and the fifth and 
sixth modes. 
It is clear from Table 3.2 and Fig. 3.8 that the odd modes dominate in the longer 
left span (lower natural frequencies as a single span) while the even modes dominate 
in the shorter right span (higher natural frequencies as a single span). 
It can be seen that a large change in slopes occurs at the support point for all six 
mode shapes. While examining the mode shapes, we noticed a relationship between 
the mode number and the number of nodal points. For example, looking at the third 
mode shape for the entire span, we see one nodal point for each side of the support, 
meaning that the left side is at its second mode shape and the right side is almost 
at its second. For the fourth mode shape, we have the right side at its second mode 
shape with the left side having two nodal points, meaning that the left side is moving 
towards its third mode shape. 
The mode shapes for Case A4 {i/ = 0.51 and rs = 200.0) are shown in Fig. 3.9, 
and the corresponding frequency ratio and maximum span amplitudes are given 
33 
Table 3.3: Dimensionless frequency, maximum modal amplitudes, and amplitude 
ratios for the six modes of Case A4 for /us = 0.10 
Both ends fixed - Case A4 TS = 200.0 u = 0.51 
Mode CTn '^Tjidx Left -^max Right L/R R/L 
01 6.08 4.159 1.000 4.15 
02 6.36 0.242 1.005 4.14 
03 12.16 3.935 1.003 3.92 
04 12.71 0.262 1.020 3.89 
05 18.21 3.577 1.009 3.54 
06 19.06 0.300 1.045 3.48 
in Table 3.3. It is clearly evident from Fig. 3.9 and Table 3.3 that the value of 
maximum amplitude ratio is near 4 in each of the six modes. It is also seen that 
the natural frequencies <ti and <r2, AZ and <74, and <75 and CTQ differ by about 4.5%, 
compared to 22% when v = 0.55. The closeness of the natural frequencies is not 
surprising since the conductor lengths are nearly equal. The fact that the ratios of 
maximum amplitude for each span are nearly the same is also not too surprising. 
What is surprising is that the ratio is nearly 4 to 1 when the span lengths are nearly 
equal (0.51 L vs 0.49 L). As the span lengths move closer together {v —»• 0.50), the 
values of ai = 0-2, 0-3 = 0-4, etc. and the amplitudes of motion in each span become 
equal. 
These results suggest that having v  >  0.50 will cause detuning of adjacent spans 
so that excitation of one span does not cause significant response in another. In order 
to investigate this detuning effect, we kept the parameters /is = 0.10 and TS = 200.0 
constant while we varied 1/ from 0.50 to 0.65. 
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Figure 3.9: Mode shapes for fixed ends and undamped mass-spring support -
Case A4 
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The maximum amplitude ratios XL /XR for the odd natural frequencies and 
XRIXL for the even natural frequencies are shown in Fig 3.10 for the first six modes. 
The first and third natural frequencies are the ones most often involved in conductor 
galloping. It is clear from this plot that significant detuning occurs when the support 
position is changed. The amplitude ratios for the fourth and fifth modes seem to go 
to zero for a support-position ratio around 0.60, and the same thing happens for the 
sixth mode-shape for u = 0.57. 
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Figure 3.10: Maximum amplitude ratio - both ends fixed 
We are concerned with how the natural frequencies change with span-ratio pa­
rameter V. In order to plot how these frequencies vary, we normalize the cr„ with the 
values that correspond to the natural frequencies of an identical cable of length L/2 
[v = 0.50). Namely, ct* = tt as shown in Equation 3.15 is the dividing factor of o-„. 
Then we obtain a dimensionless frequency ratio normalized as shown in Fig. 3.11 for 
the case where rg = 200.0 and ns = 0.10. It is noted that <72 and <73 are about to 
36 
cross for v  >  0.65, while <74 and <ts cross near v  —  0.60. It is also clear that and 
0-7 cross near v — 0.57. 
The crossing in the dimensionless frequency ratio occurs in Fig. 3.11 at the same 
support-position ratio values at which the amplitude ratio in Fig. 3.10 goes to zero. 
What effect does this cross of natural frequency curves have on the corresponding 
mode shapes? 
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Figure 3.11; Dimensionless frequency ratio - both ends fixed 
The mode shapes for v  = 0.60 and v  = 0.65 are shown in Fig. 3.12 and Fig. 3.13, 
respectively. We note that modes 4 and 5 have nearly identical natural frequencies 
for V = 0.60, and they share the same mode shapes in Fig. 3.12. However, in Fig. 3.13 
the mode shapes for modes 4 and 5 are actually out of place since the odd modes 
have the larger amplitudes at left side and the even modes have larger amplitudes 
at right side. The reason this happens is that the computer selects the eigenvalues 
in ascending order so that mode 5 is interpreted as mode 4 and vice versa. The 
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same thing is happening between naodes 6 and 7 in both Fig. 3.12 and Fig. 3.13 
( note that only mode 6 is shown, but it has the maximum amplitude on the left 
side). Consequently, one needs to be careful how the computer selects and orders the 
mode shapes. Thus, the amplitude ratio computed in Fig. 3.11 should also take this 
frequency crossing into account since it changes the mode shape sequence order. 
Cable with support and mass-spring attached at each end 
The fixed-end boundary conditions are changed to accommodate vertical motion 
by introducing frictionless sleeves that are attached to a mass-spring arrangement as 
shown in Fig. 3.14. The addition of these boundary conditions allows for some cable 
end motion similar to that which occurs in the field. 
The general space function solution is given by Equations 3.33 and 3.34. The 
end boundary conditions require the spatial derivatives of each of these equations. 
This differentiation gives 
0 < X < d (3.47) 
d < X < L (3.48) 
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Figure 3.12: Mode shapes for fixed ends and undamped mass-spring support 
f = 0.60 - Ts = 200.00 
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The end boundary condition at a: = 0 requires 
T = KL y{0,t) + ML (3.49) 
while the boundary condition a.t x = L requires 
- T = KR y{L,t) + MR (3.50) 
where 
• MR [%]— mass at the right attachment 
® KR [N/m]— stiffness at the right attachment 
The dynamic boundary condition at support x = d is given by Equation 3.29 
and the continuity requirement of Equation 3.30. Therefore, we have four unknowns 
and four equations (two boundary conditions, the midpoint continuity condition and 
the dynamic equilibrium condition). 
Three of these equations allows us to find the ratio of three constants as func­
tion of the fourth one; in other words, we can find AC, AR, and BR as functions of 
Bi- Then, we can use the fourth equation to find the natural frequencies (eigenval­
ues) and, consequently, the mode shapes (eigenvectors). After some algebraic work 
(see Appendix A), we find a dimensionless transcendental equation for the natural 
frequencies that is given by 
[^Rsin{(T Ld) — acos{aLd)] Ho -i- [o-cos(<7z/) — i^,sin(cri/)] aXlb (3.51) 
where the right-end mass ratio is defined by 
m ^ (3.52) 
P L 
42 
the right-end spring ratio is defined by 
TR = K R L  (3.53) 
and where for simplicity of notation we define the following quantities 
= (J.L cr'^ ~ TL 
= /is — "^s 
= liRcr^ -  TR 
Ha = [ $1, ] sin( (T 1/ ) — [ 'I/l + ] cr cos( a v ) 
Ha = [ cos( a  L d )  + a  sin( a  L d ) ]  
The general solution for the space function can be rewritten using the roots 
found in Equation 3.51. Thus, for each root we obtain the mode shape function 
(eigenfunction) as 
X L n { x )  =  B i n  ~  ]  0 < x < d  (3.57) 
(3.54a) 
(3.54b) 
(3.54c) 
(3.55) 
(3.56) 
- sin cr„ ^1 - ^ I d < x  < L  (3.58) 
where 
Han = [^Ln^s„ - crl] sinianf) - [^i„ + ^s„] (^n cos(o-„i/) (3.59) 
n6„ = [ ^ R „  cos( a n  L d )  + <7„ sin( a - , ,  L d ) ]  (3.60) 
To see the effects of the end conditions and the midpoint support, we let the 
mass ratios remain constant aX y,L = /^r = 0.05 and {1$ = 0.10, then varied the 
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Table 3.4: Four cases studied for fii = 0.05, i^s = 0.10, and fiR = 0.05 
Case V n TS tr 
B1 0.55 1.0 2.0 1.0 
B2 0.55 1.0 8.0 1.0 
B3 0.55 30.0 200.0 20.0 
B4 0.51 30.0 200.0 20.0 
spring ratios as shown in Table 3.4. The first six mode shapes are shown in Fig. 3.15 
through Fig. 3.18. 
Case B1 where we have soft springs at the ends and at the support is shown in 
Fig. 3.15. It is clear that the first mode is nearly a rigid body translational motion, 
while the second mode is nearly that of a rigid body rotation about the midpoint. 
It is only for the fourth, fifth, and sixth modes that we can see the location of the 
central support. Fig. 3.16 shows Case B2 where the stiffer central support spring ratio 
significantly alters the first mode shape and starts to alter the third mode shape. A 
slightly different amplitude can be seen at the right end for all six modes. 
Case B3, for which all values of the values of the spring ratio were increased 
significantly is shown in Fig. 3.17. The first evident diiierence from previous results 
shown in Fig. 3.8 is the large ampUtudes in the right-side span for the even natural 
system frequencies. The end points have significant motion in each mode shape com­
pared to those in Fig. 3.8. This end-point motion alters both the natural frequencies 
and the mode shapes. 
The dimensionlcss frequencies, the maximum amplitudes Xmax Left, Xmax H-ight, 
and the mode-shape amplitude ratios of L/R and R/L for Case B3 are given in 
Table 3.5. It is evident that the mode-shape amplitude ratios are approximately 15 
to 1 for the first natural frequencies, 13 to 1 for the second natural frequencies and 
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Table 3.5: Dimensionless frequency, maximum modal amplitudes, and amplitude 
.ratios for the six modes of Case B3 for hl = 0.05, fis = 0.10, and 
/iR = 0.05 
RI = 30.0 TS = 200.0 TR = 20.0 1/ = 0.55 
Mode O-n ^TTiax Left ^max Right L/R R/L 
01 5.32 5.459 0.346 15.75 
02 6.18 4.651 71.777 15.43 
03 10.57 2.515 0.189 13.29 
04 12.12 2.118 26.286 12.40 
05 15.65 1.508 0.144 10.42 
06 17.75 1.281 11.968 9.33 
10 to 1 for the third natural frequencies. The odd-even natural frequencies changed 
by about 15% in this case. 
The results for Case B4 are given in Fig. 3.18 and Table 3.6. There is a dramatic 
change from Cases B3, A3, and A4. In this case, the soft end spring allows for 
near identical amplitudes (see ratio near to unit in Table 3.6) in each span since the 
end-point motion heavily influences both the natural frequencies of the system and 
the mode shapes. The odd mode shapes have the two spans moving out of phase 
as nearly mirror images about the line v = 0.51. In the even-mode case, the mode 
shapes are nearly continuous at the central support position. The natural frequencies 
are close together for each odd-even combination, their difference being about 2%. 
These results indicate that excitation on either side of the central support will cause 
nearly equal motion in the unexcited side. 
For a better insight into the effects of support-position and end-spring ratios 
on mode shapes, the maximum amplitudes are shown in Fig. 3.19, for a case where 
Hi = 0.05, pis = 0.10, fiR = 0.05, tl = 30.0, rs = 200.0, and tr = 20.0. A 
similar trend for what happened in a cable system with both ends fixed was shown in 
45 
Table 3.6: Dimensionless frequency, maximum modal amplitudes, and amplitude 
ratios for the six modes of Ceise B4 for hl = 0.05, ns = 0.10, and 
iiR = 0.05 
TL = 30.0 Ts = 200.0 tr = 20.0 u = 0.51 
Mode O-n ^Ttiax Left •^TTiax Right L/R R/L 
01 5.67 5.105 4.188 1.21 
02 5.77 5.003 6.068 1.21 
03 11.20 2.342 2.751 0.85 
04 11.41 2.287 1.916 0.83 
05 16.47 1.412 2.147 0.65 
06 16.81 1.374 0.904 0.65 
Fig. 3.10. The values of the support-position ratio have increased over those shown 
in Fig. 3.10. 
Fig. 3.10 and Fig. 3.19 show that mass and softness at the cable ends increased 
the range where the two spans could be detuned by simply changing the support-
position ratio. This information is very important for improvements on the new 
power line designs. 
The dimensionless frequency ratios for mass-springs at the ends and at the sup­
port are shown in Fig. 3.20. The trend of the results shovirn is similar to that seen in 
Fig. 3.11 for a cable model with both ends fixed and a mass-spring at the support. 
The support-position ratio values v  where the cross-over occurs for the dimen­
sionless frequency have changed from 0.57 for fixed ends to 0.59 for mass-springs at 
the ends for sixth and seventh modes and from 0.60 for fixed ends to about 0.63 for 
mass-springs at the ends for the fourth and fifth modes. The maximum amplitude 
ratio has increased for all modes shown in Fig. 3.19 when compared to results plotted 
in Fig. 3.10, except for the first mode shape. The mode shapes shown in Fig. 3.21 
confirm that the sixth mode shape has exchanged order with the seventh mode shape, 
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which agrees with data shown in Fig. 3.20, where the crossing in frequency occurs at 
V = 0.59. 
For a support position v  = •  0.65, the first six mode shapes are shown in Fig. 3.22. 
The exchange of order between the fourth and fifth mode shapes and the sixth and 
seventh mode shapes can also be seen. 
Although Fig. 3.20 shows that a possible region of cross-over occurs for a support-
position ratio on the interval 0.50 to 0.52 with a Az/ = 0.01, the apparent cross-over 
was verified to be a numerical resolution problem, because it did not occur when the 
increment was decreased to Az/ = 0.002. These results are shown in Fig. 3.23. 
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Figure 3.16: Mode shapes for mass-spring attachment at ends with mass-spring in 
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Figure 3.17: Mode shapes for mass-spring attachment at ends with mass-spring 
in the support - Case B3 where = 30.00, ts = 200.00, and 
tr = 20.00 
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Figure 3.18: Mode shapes for mass-spring attachment at ends with mass-spring 
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tr = 20.00 
50 
mu_L = 0.05 tnu_S = 0.10 mu_R= 0.05 
fau_l;= 30.00 tau_S= 200.00 tau_R= 20.00 
45 
First mode 
•o Second mode 
•A Third mode 
-» Fourth mode 
-K Fifth mode 
-V Sixth mode 
40 
35 
30 
25 
20 
15 
10 
5 
0 L_ 
0.49 0.51 0.55 0.57 0.59 0.61 0.63 0.55 
Supjjort position ratio 
Figure 3.19: Maximum amplitude ratio - mass-spring at ends 
mu_L = 0.05 mu_S = 0.10 mu_R= O.OS 
tau_L= 30.00 taujS= 200.00 tau_R= 20.00 
4 
3 
cr o it 2 
1 
0 L_ 
0.49 0.51 0.53 0.55 0.59 0.57 0.61 0.63 0.65 
Support position ratio 
ure 3.20: Dimensionless frequency ratio - mass-spring at ends with mass-spring 
in the support - TL = 30.00, TS = 200.00, and TR = 20.00 
51 
Mode 1 Mode 2 
<D 
"O 
.tr 
Q. E < 
<9 
•a 3 
E 
<  
7.0 
3.5 
0.0 
-3.5 
-7.0 
1 
1 
/ 
"T 
1 |< :=Su[ iport 
1 
1 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 3 
3 
2 
1 
0 
-1 
-2 
-3 
/i A 1 / \ i 
1 
1 \ /! 
V 
' i<= Support 
I I I  
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 5 
U=. Support 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Cnon T v / I 1 
120 
80 
40 
0 
-40 
-80 
-120 
• 
1 
1 
i 
/ 
PTrt?! iVJ f 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 4 
20 
15 
10 
5 
0 
-5 
-10 
-15 
-20 
Tl 
1/ 
1/ 
1 
1 Sup ?ort = 
.1 J 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 6 
l<= Support 
-0.1 0.1 0.3 0,5 0.7 0.9 1.1 
will lei loiwi it< iSSS I ^ /V / b J 
Figure 3.21: Mode shapes for mass-spring attachment at ends with mass-spring in 
the support - z/ = 0.60 - rx, = 30.00, TS = 200.00, and TR = 20.00 
52 
Mode 1 Mode 2 
7.0 
3.5 
<0 
•a 
•q. 0.0 
F 
< 
-3.5 
-7.0 
I t 
/ 
SuF port =>1 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Modes 
CD 
T3 
3 
Q. 
E 
< 
<= Support 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 5 
Q. E < 
18 
12 
S 
0 
-6 
-12 
-18 
1 1 A / 
Si ppor =>l 1 ' 
1 
^ 1 1 1 
1 1 \l 
ir 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
OiruonSiGniess span [ X / S_ ] 
80 
60 
40 
20 
0 
-20 
-40 
-60 
-80 
T 
Support => 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Mode 4 
2 
1 
0 
-1 
-2 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Modes 
F 
1 
rt 1 
\1 
1 
u 
1 
1 
i< 
.1 
= Suf port 
|<= Support 
-0.1 0.1 0.3 0.5 0.7 0.9 1.1 
Dirnensioniess Span [ x / L ] 
Figure 3.22: Mode shapes for mass-spring attachment at ends with mass-spring in 
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CHAPTER 4. DAMPED CABLE AND DAMPED SUPPORT 
SYSTEM 
Now we consider a system having distributed damping along the cable and dis­
crete damping in the support located sA x = d. We have an excitation load per unit 
of length applied to the cable, as well as a vertical gravitational field. 
The inclusion of deimping considerably increases the difficulty of solving the 
differential equation of motion for the combined cable-support system. We wish to 
express the position of a point on the cable in terms of the mode shapes determined in 
the preceding chapter. This can be done by using the mode-summation method [27] 
where the sum of the products of the mode shapes and their corresponding time-base 
functions produces an estimate of the motion at a point in the conductor. The cable 
system model is altered by the addition of a mass and spring at the central support, 
which is referred to as a constrained structure. 
The mode-summation method applied to a constrained structure will have the 
geometric coordinate vector {y(a:,i)}, which is the product of the mode shape matrix 
[ X(x) ] and the generalized modal coordinate vector {Q(t)}. 
The first step in using the mode-summation technique is to compute the tensile 
force acting in the cable for a given sag-span ratio. In reference [28] we find the 
necessary equations to compute this tensile force for a cable subjected to its own 
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weight. 
For simplicity, we assume that the supports are at the same level, so that the 
origin of the coordinates is located at the center due to symmetry. For this case the 
catenary deflection curve is given by 
where TH [AT] represents the horizontal component of the tensile force at midpoint. 
T h e  m i d p o i n t  s a g  D  [ m ]  i s  o b t a i n e d  b y  u s i n g  t h e  b o u n d a r y  c o n d i t i o n  y { x  =  L / 2 )  =  
D. Then, Equation 4.1 becomes a transcendental equation to be solved for the 
horizontal tension component TH given by 
® ^ -1] (^-2) 
For a given mass per unit of length of the cable p  [^/m], the span L  [m], and the 
sag D [m], Equation 4.2 is used to compute the horizontal tension at the midpoint. 
For a given cable system and fixed end points at the same level, we assume that 
the cable length should remain constant if we use a pulley to bring the midpoint to 
the same level as the fixed end points. At this stage one can fix the intermediate 
point to a support. The horizontal tension on each side of the support will be about 
the same, but the sag-span ratio will differ slightly. The horizontal tensions and sags 
are computed using this approach for various values of support position ratio. 
For the case of cable mass per unit length p  = 1.302fc5'/m, the catenary shapes 
are shown in Fig. 4.1 for v = 0.51 and in Fig. 4.2 for v = 0.55 when the span 
L = 404.774m. Table 4.1 shows the calculated results for span, cable length, sag-
span ratio, and cable tension for the left span, the full span, and the right span. It 
is seen that the longer span has a larger sag-span ratio than the original while the 
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shorter span heis a snaaller sag-span ratio than the original. The two tensions are 
essentially equal. 
The excitation load 
The excitation load is defined a s  the sum of three terms, each of them partici­
pating on the modal sum as the model requires. These three terms include one for 
the left spaji, one for the right span, and one for a point load applied between the 
ends. A schematic of these loads is shown in Fig. 4.3. Thus, the excitation load is 
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Figure 4.2: Catenary shapes -  v  =  0.550 
given by 
E { x , t )  =  E L { x , t )  +  E p { x , t )  +  E R { x , t )  (4.3) 
where 
EL{ x , t )  = ELo x \  f x  —  .Tr,\ 1 , V 
"llj - "1^—1—jj exp(jOf) 
ER{x,t) = ERo 
E p { x , t )  =  E P o  S ( x  —  X p )  e x p ( j Q t )  
X  —  X R \  f x  —  L  f x  -  -  \ '  
. n — -  H - r - J .  
exp { j f l t )  
and 
(4.4) 
(4.5) 
(4.6) 
• ELo [ N / m ]  —  amplitude of the distributed excitation force per unit of length 
acting on the left span 
EPo [iV] — amplitude of the excitation point force acting on the cable 
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Table 4.1: Catenary results -  p  =  1.302 k g f m  
V = 0.510 
Type Span [ m ] Cable length Sag/span [ % ] Tension [ N ] 
Left 206.4 206.7 2.04 16,159 
Full 404.8 405.3 2.00 32,322 
Right 198.3 198.6 1.96 16,163 
V = 0.550 
Type Span [ m ] Cable length Sag/span [ % ] Tension [ N ] 
Left 222.6 223.0 2.22 16,150 
Full 404.8 405.3 2.00 32,322 
Right 182.2 182.3 1.79 16,181 
•  E R o  [ N / m ]  —  amplitude of the distributed excitation force per unit of length 
acting on the right span 
• u [1] — unit step function 
•  8  [ I / m ]  —  Dirac delta function 
c f l  [ r a d / s ] —  excitation frequency 
• X [m] — any position along the cable 
• XL [jTi] — extent of left side distributed load 
• xp [772] — position of the point load 
9 XR [m] — start of right side distributed load 
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i EPo 
Figure 4.3: Schematic of the excitation load 
A damped taut string with both ends fixed 
Introducing a distributed damping along the string c [ N  s / m ? ] ,  we can write the 
diiferential equation of motion in the vertical direction as 
d ^ y { x , t )  d y { x , t )  
dx^ —  c  
+  E { x , t )  =  p  d'^y{x,t) (4.7) dt ' dt^ 
Applying the mode-summation method in Equation 3.17, we obtain 
OO CO oo 
T  Qnit) - C Y.^n{ x )Qr.{t) + E { x , t )  = p  ^ X„(x) Q„(t) (4.8) 
11=1 n=l 
Using Equation 3.5 and rearranging, we have 
00 OO 
P  E ^ n{ x )  Qr.{t) + c E Xn{ x )  Qn{t)  + 
n=sl 
71=1 n=l 
oo \ 
+ T E «.(() = £(x,i) 
n=i 
(4.9) 
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Now, to use the constrained-structure approach, we have to define a matrix 
notation for our problem in Equation 4.7 that gives the position {y{x,t)} for each 
selected point along the span as a function of the time variable; 
(JVx , N p )  "  (4.10) 
where Np is the number of eigenvalues {^Np) computed using Equation 3.15, and 
N x  i s  t h e  n u m b e r  o f  s u b i n t e r v a l s  i n  t h e  s p a n  L .  T h e  c o l u m n s  i n  m a t r i x  [  X { x )  ]  
are computed using Equation 3.18. The matrix is defined as 
. 1(JV. , W,) " [ 
where each column vector of this matrix represents a mode shape corresponding to 
a root (AiVp), so that the p-th mode shape becomes 
{Xp(x)} = I Xp(xi) Xp(x2) Xp(x3) ••• Xp(xivJ (4.12) 
Based on this matrix notation. Equation 4.9 can be rewritten as 
P X(2:) j {<5(^)} + c X(a:) J -[QCi)]- + 
+ P ^•(a;) I j {Q(0} = (4.13) 
Premultiplying by [ X { x )  , we obtain an eigenproblem which can be solved for the 
time-based function Q(t). This eigenproblem is given by 
[ m-].{<5(«)} +  [ c * ]  { Q( « ) }  +  [ K ' ]  W)} = {i2"(i)} {4-14) 
where the matrix mass, damping, and stiffness are respectively defined by 
M* =  p  [ X T X ]  (4.15) 
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[  C *  ]  =  c  [  X T X  ]  
[/<:•] = P [ XTX ] [ A 
(4.16) 
(4.17) 
where 
[ X T X ]  =  [X(a:)f  [ X { x ) ]  (4.18) 
and [ A ] is a diagonal matrix containing the roots squared that is computed using 
Equation 3.15. The right-hand side of Equation 4.14 is given by 
{«•(( ) )  =  [X(x)f  {£( l , f )}  
We can rewrite Equation 4.14 in the form 
{i} = [A] {^} + { h{t)  }  
where 
(2 Np) 
{ Q }  Nr, 
[ ^ ]  ( 2  N p  , 2  N p )  
and 
r r> 1 r r 1 
L " J { N p  ,  N p )  L i [ N p  ,  N  
[  M K  ^  [  M C  ^  
1-1 1 l(l». .N.) = - [Ml"' I K' 1 
I 1(JV, ,«,) = - 1 
and vector { h{t)  }(2iVp) given by 
(4.19) 
(4.20) 
(4.21) 
(4.22) 
(4.23) 
(4.24) 
{  h { x , t )  }  =  {  h E { x , t )  }  (4.25) 
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where 
{ h E { X , t )  }(2 ;Vp) = ^ 
\ 
{ 0 }  
{ [ M T '  [ ^ ( x ) r  { E { x , t ) } }  
(4.26) 
The eigenproblem corresponding to Equation 4.20 was solved using the QZ al­
gorithm for a generalized matrix eigenvalue problem [29] that for the general case 
will give us a complex eigenvector matrix [£/"]. For each column of this matrix we 
have a complex eigenvalue that is an element of the diagonal matrix [0], which has 
the following property 
After some algebraic work (see Appendix B), it can be shown that the time-based 
solution for the eigenproblem is given by 
Solving the integral in Equation 4.28, we obtain the final solution for the time-based 
functions as 
The vector { 6o } is a constant complex vector determined from the initial conditions. 
[ diag 9i] = [0] = [U]-' [A] [£/] (4.27) 
(4.28) 
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Table 4.2: Taut single span cable - natural frequency and 
damping ratio 
p  =  1.302A:£f/m L  = 206.434m 
T  = 16,159.054iV Cc = 0.010 
Index Frequency [ Hz ] Damping ratio [ % ] 
1 0.3443 0.767 
2 0.6885 0.383 
3 1.0328 0.255 
4 1.3770 0.191 
5 1.7213 0.153 
6 2.0655 0.127 
For a taut cable with both ends fixed, the eigenvalues (natural frequencies and 
d a m p i n g  r a t i o s )  w e r e  c o m p u t e d  f o r  a  c a s e  w h e r e  t h e  m a s s  p e r  u n i t  o f  l e n g t h  p  =  
1.302fc5/m, the span length L = 206.434m, the cable tension T = 16,159.0iV, and 
the cable viscous damping ratio = 0.010; the results are shown in Table 4.2. 
As expected, the natural frequencies are integer multiples of the fundamental (first 
natural frequency). We also noticed that the values of the damping ratio are in a 
descending order from the highest value for mode 1 to the lowest for mode 6. 
Looking only at the first term of Equation 4.29, we then computed the mode par­
ticipation factor of the load for each mode and obtained a permanent modal loading 
for a given excitation frequency fl. These mode-shape responses were then computed 
for the first three modes for each of two different kinds of loading: distributed and 
concentrated. 
Fig. 4.4 through Fig. 4.6 show the response of the span when a distributed 
excitation load of ELQ = l.OOiV/m is applied over the left  half  of  the cable x l  = L/2 
and the excitation frequency is close to one of the first natural frequencies. These 
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plots show frequency and position along the span as well as amplitude of motion. 
The mode shapes shown in these plots agree with the expected half-sine shape 
given in Equation 3.16. Since the excitation is applied only in half of the span it is 
expected to excite all three of these modes but with a decreasing maximum amplitude 
and an increasing natural frequency. This reduction in amplitude with mode number 
can be confirmed by the results in Table 4.3, where the maximum amplitudes for the 
three first modes are shown. 
For a concentrated load EPQ = 1.00 iV applied at midpoint x p  = L/2, we 
repeated the excitation around the three first natural frequencies with the results 
shown in Fig. 4.7 through Fig. 4.9. From Table 4.3 we noticed, as expected, that this 
type of excitation does not excite the even modes, since the span midpoint is a nodal 
point for the even mode shapes. But, for excitation frequencies around the second 
natural frequency, although the maximum amplitude was very small, we noticed that 
the mode shape was moving towards the third mode shape as seen in Fig. 4.8. Both 
types of excitation give the same mode shapes, but with different amplitudes for the 
first and third natural frequencies. 
We should point out that it is incorrect to directly compare the distributed 
excitation responses to the point excitation responses in Table 4.3 for several reasons. 
First, the distributed load ELQ L/2 « 100.0 N while the point load is only 1.0 N. 
Second, each load is modified by the mode shape so that the mode participation 
factors are different. It is clear that the first mode was the easiest to excite in each 
case. 
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[ Exdts&on: Poizit - Mode: Hxst ] 
'tiatgnu' 
Anqiiiode (in 1 
Figure 4.4: Taut single span cable - distributed excitation left side - first mode 
{Exdt&dcc: Paitt - Mode: Secood ] 
'auLgnu* 
Arcpiinidc [ m. 1 
Figure 4.5: Taut single span cable - distributed excitation left side - second mode 
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Figure 4.6: Taut single span cable - distributed excitation left side - third mode 
[ Exdtitioii: Pom - Mode: First ] 
'tant-gpg' 
Amplitude (m ] 
Figure 4.7: Taut single span cable - point excitation at x = Zr/2 - first mode 
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[ Exdutioic Poiat - Mode: ] 
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Figure 4.8; Taut single span cable - point excitation at x = L/2 - second mode 
I Exdatioir Poat - Mode: Third ] 
*taiit.gnn' 
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Figure 4.9: Taut single span cable - point excitation at x  = L12 - third mode 
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Table 4.3; Taut single span cable - maximum amplitude 
/9 = 1.302%/m L = 206.434m 
T = 16,159.054iV Cc = 0.010 
Mode Left side excitation Point excitation 
1 11.243 0.34743 
2 5.581 0.00205 
3 1.212 0.11628 
Damped cable with support and both ends fixed 
Real cable systems are influenced by a gravitational field g and a distributed 
damping per unit of length c. A schematic of a cable system is shown in Fig. 4.10. 
Including these new variables, we can write the differential equation for the vertical 
motion of the cable system as 
d '^y{x , t )  dy{x , t )  d^y{x , t )  
T  — c—pr Fs{x,t) + E{x,t) - pg = p——— (4.30) 5x2 dt  d f ^  
i Support 
////// I I 
•7—^ 
L - d  
P' C, r Cable 
Figure 4.10: A taut damped cable with damped mass-spring support at z = c? 
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where the force at a damped support is defined as 
F s { x , t )  =  Ms + Cs ^ + A-. dt^  d t  6{x  — d)  (4.31) 
and the new constants are 
o C5 [iVs/m] — concentrated damping at the support 
• 5 [m/s^] — acceleration of gravity due to the earth 
Using the roots determined in Equation 3.37 and the matrix notation defined in 
E q u a t i o n  4 . 1 0 ,  w e  c a n  r e w r i t e  E q u a t i o n  4 . 3 0  a s  
T  [  x" { x )  ]  {g(f)}  -  C [  X { x )  ]  {Qi t )}  -  { Fs{x , t )  }  +  
+ { E{x , t )  } - { p g }  =  p ^  x ix )  ] {Q(f)} (4.32) 
Applying Equation 3.5 and Equation 3.6 to Equation 4.32 and rearranging terms, we 
obtain 
P  [  X ( x )  ]  { Q ( 0 }  +  M s  [  X { d )  ]  { ( ? ( < ) }  +  
+  c  [  X ( x )  ]  { Q { t ) }  +  C s  [  X { d )  ]  { Q ( i ) }  +  
P  [  X { x )  ] [ A ] {Q{t )}  
+  K s  X{d)'^ {Q(i)} = {-^^(a:,^)} - {pg} (4.33) 
where the displacement matrix at the support is given by 
X { d )  (Nx , Np)  {X^ id)}  {X^id)}  • • •  {X;v , (c f )}  
where 
{XM} = { 0 • • • 0 x^{d) 0 •. • 0 } 
T 
(4.34) 
(4.35) 
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(4.36) 
and [A] is a diagonal matrix containing the roots squared computed using Equa­
tion 3.37, with the modes shapes in matrix [ .Ar(x) ] computed using Equations 3.43 
and 3.44. 
Premultiplying Equation 4.33 by [ ]^, we obtain the eigenproblem 
[  M -  ]  + [ c- ] {«(<)} +[k '] {Q(i)} = {«•(()} 
where the new mass, damping, and stiffness matrices are defined by 
[  M *  ]  =  p [  X T X  ]  +  M s  
[  a *  ]  =  c  [  X T X  ]  +  C s  
[ / - r *  ]  =  p  [  X T X  ]  [  A  ]  +  K s  
where the influence of the support on the motion of the cable is given by 
X T X d  
X T X d  
X T X d  
(4.37) 
(4.38) 
(4.39) 
[ X T X d ]  =  [ X ( x ) f  [ X ( < i ) ]  (4.40) 
The modal excitation force on the right-hand side of Equation 4.36 is given by 
{ R ' { t ) }  =  [ X { x ) Y  { E { x , t ) } -  [ X { x ) f  { p g }  (4.41) 
We can rewrite Equation 4.36 in the form given in Equation 4.20, and the vector 
{ Ht) }(2Np) is given by 
{  h { x , t )  } = { h s i x ^ t )  } - { hg{ x )  }  (4.42) 
where {hE(x,t)} is given by Equation 4.26 and 
{ }(2 N p )  ~  
{ 0 }  
{ [ M - r *  [ J f w f  { / > « } }  
(4.43) 
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Again solving the eigenproblem using the Q Z  algorithm, after some algebraic 
work (see Appendix B) we obtain the final solution for the generalized modal coor­
dinate as 
{ Q { t ) } .  
{m} =  [ ^ ]  [ ^ ]  +  
+ f/ ] [  ^] [ c /  ]  '  {  h g { x )  }  +  
^ exp(0if) I {bo} (4.44) 
The vector { 6o } is a constant complex vector determined from the initial conditions 
and is given by 
-1 -1 
{ i t a W . ,  =  [ c ' ]  
[  X T X ( x )  ]  [ 0 1 
[ 0 1 [ XTX{x) 1 
a:(x) f 10) 
[ 0 1  [ X ( x ) f  
(4.45) 
{  n ( x )  }  
{ ^o(a:) } 
- [ j n'- 0i 1  [  ^  J  ^  ^ e( x ^ O )  }  -
- [ diaff i ] [ t/ ] { } 
where { lo( x )  }  i s  t h e  i n i t i a l  c a b l e  p o s i t i o n  a n d  |  i o ( a : )  }  i s  t h e  i n i t i a l  c a b l e  v e l o c i t y .  
The three terms on the right-hand side of Equation 4.44 are, in order of ap­
pearance, the mode participation of the load for each mode, the catenary shape of 
the cable due to the gravitational field, and the transient response which will die 
out due to the exponential decay caused by system damping. Therefore, in order to 
investigate the elFects of the inclusion of damping on the cable system, we consider 
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only the first term of Equation 4.44 so that it becomes 
{ <3( ) }|V, _ r J, 1 r  ^  1 [ 1  ^ >'E(x , t ]  } (4.46) 
{ u . '• J " - J ^ J 
and the permanent solution of Equation 4.10 is rewritten as 
^ 0) }N. 
{ 0 )  } j v ,  1  [  
[ ]jVx,iVp 
M (4.47) Kw)}.J 
when the time variable t  =  0.  
Reduction in cable response due to the support damping 
The purpose of this work is to estimate how much the conductor motion is 
reduced by adding the central damped support. For these calculations, we assume 
that the support-mass ratio is fis = 0.20, where the insulator mass is included in the 
absorber system. A point excitation load EPQ = l.OOiV is applied at the midpoint of 
the left span ((i/2 ). The spring-stifFness ratio rs varied from 0.00 to 10.00 while the 
support-damping ratio varied from 0.0 to 1.40. The cable damping ratio was set 
at (c = 0.01 for all calculations. Two different span ratios i/ = 0.51 and i/ = 0.55, 
were used. 
The maximum amplitude for a damped taut cable with both ends fixed was 
computed for a point excitation with amplitude EPQ = l.OOA* and close to the 
first natural frequency. The amplitude reduction ratio is defined as the ratio of this 
maximum amplitude to the maximum amplitude of the left span of the cable with a 
central damped support and the conditions noted above. For a support-position ratio 
V = 0.51, the reduction ratio results are shown in Fig. 4.11, while the corresponding 
amplitude of motion at the support is shown in Fig. 4.12. 
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Reduction Magnitude at Left Side 
Sag-Span_L= 2.040% ; Sag-Span_R= 1.959% 
T_L= 16159.054 N ; T_R= 16163205 N 
ro= 1.302 kg/m ; L = 404.7744 m ; d/L = 0.510 
d 
E 
< 
.2 t s  3 
•a o QC 
— — — Xsi_3 Q B Xsl_s = 0.40 
X8l_Sa0.60 
* * O 0 X8l-8=1.00 
X8i-8 B 1^ A A Xsi-sal^ 
4 6 
Stiffness Ratio • Tau [ K L / T ] 
Figure 4.11: Left-span amplitude reduction -  v = 0.510 
Amplitude Motion at Support 
Sag-Span_L = 2.040 % ; Sag-Span R = 1.959 % 
T_L= 16159.054 N ; T_R= 16163.205 N 
ro = 1.302 kg/m ; L = 404.7744 m ; d/L = 0.510 
0 2 4 5 8 10 
Stiffness Ratio - Tau[KL/T] 
Figure 4.12; Maximum support-point amplitude of motion -  v = 0.510 
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The maximum reduction ratio of about 14 occurs at a support-spring ratio of 
about 2 as shown in Fig. 4.11. This is not a practical value since it requires a very 
soft support spring. For a stiffness ratio of around 8, we have an amplitude reduction 
of about 2, and in Fig. 4.12 we have a support motion amplitude of less than 0.10m 
for all eight damped cases. This support motion causes energy to be removed from 
the cable system. 
For a support-position ratio v  = 0.55 we have the amplitude reductions shown 
in Fig. 4.13 and the support-point amplitudes of motion shown in Fig. 4.14. The 
maximum amplitude reduction is about 12.5 for a support-spring ratio of around 
1.75. For a reduction factor of 2, the support-spring ratio will be around 6, with a 
maximum amplitude of motion at the support smaller than 0.15m for all eight plotted 
damped cases shown. 
It is clear from Fig. 4.11 and Fig. 4.13 that increasing the support damping 
increases the reduction of cable motion for a particular stifFnisss ratio rs- The best 
value of Ts is near 2. However, this value requires a very soft support spring, which 
is not practical. Thus, values of support-spring ratio TS in the range of 6 to 7 are 
most practical. 
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Reduction Magnitude at Left Side 
Sag-Span L= 2201% ; Sag-Span R= 1.798% 
T_L= 16150.752 N ; T_R= 16171.506 N 
ro = 1.302kg/in ; L = 404.7744m ; d/L = 0.550 
0.00 
Xsi_s-0.20 
•B Xsi_s3:0.40 
- Xsi_s = 0.60 
Xsi-s = 0.80 
•O Xsi-s=1.00 
Xsl-s = 1.20 
A Xsl-s=1.40 
4 6 
Stiffness Ratio - Tau[KL/T] 
Figure 4.13: Left-span amplitude reduction -  v  =  0.550 
I 
Amplitude Motion at Support 
Sag-Span_L = 2201 % ; Sag-Span_R= 1.798% 
T_L= 16150.752N ; T_R= 16171.506N 
ro = 1.302kg/m ; L = 404.7744m ; d/L = 0.5S0 
Xsi s = o.oo 
- — - Xsi_s=0.20 
• • X8i 3 = 0.40 
- Xc:_s = O.SO 
Xsi-s = 0.80 
e Xsj-s = 1.00 
Xsi-s=1.20 
& Xsl-s=1.40 
4 6 
Stiffness RaHo - Tau [ K L / T ] 
Figure 4.14: Maximum support-point amplitude motion -  v  =  0.550 
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Transient response when left span is excited by a point load at the 
midpoint 
In the field, the actual power lines were excited manually by pulling on the 
cable near its midpoint in concert with the cable's response. In this subsection, this 
excitation process was simulated. This was accomplished by applying a point load 
at the midpoint of the left span (at x = djl ); this load had a excitation frequency 
equal to the natural frequency of the left span. The initial conditions assumed were 
a displacement in the catenary shape and zero velocity. The point load was applied 
until a steady state of motion occurred. New initial conditions were obtained when 
the velocity had a maximum amplitude at the midpoint of the left span (x = (Z/2). 
The excitation force was set equal to zero at this time, and a transient solution was 
implemented with the new initial conditions of displacement and maximum velocity 
amplitude. 
The computer program implemented the mathematical models described by 
Equation 3.17, Equation 4.44, and Equation 4.45. This program was used to calcu­
l a t e  t h e  r e s p o n s e s  a t  t w o  s e l e c t e d  l o c a t i o n s :  t h e  m i d p o i n t  o f  t h e  l e f t  s p a n  ( a :  =  d l 2 ) ,  
the central support (x = <i), the middle of the right span {x = d-\- {L — d)l2). The 
force transmitted to the structure at the central support (x = d) was also calculated. 
These calculations were done for the physical parameters given in Table 4.4 
and Table 4.5. These tables also show the types of natural frequency, the natural 
frequencies, and the modal damping. 
A point-load excitation OI EPQ = I.ON was applied to the model at the midpoint 
of the left span {x = d/2) for a numerical simulation with an excitation frequency 
Cl = 0.275^2, which corresponds to the second cable system natural frequency (first 
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Table 4.4: Damped cable with support and both ends fixed -
natural frequency and damping ratio ts = 7.0 
p  =  1.302%/m L  =  404.774m 
r = 16,161.13iV 
Cc = 0.020 Cs = 0.080 
1 /  = 0.510 f j - s  = 0.200 
i j j s  =  0 . 2 5 9 H z  
Index Type Frequency [ Hz ] Damping Ratio [ % ] 
1 support 0.242 0.5399 
2 left 0.275 0.7498 
3 right 0.301 0.4929 
4 left 0.542 0.3880 
5 right 0.554 0.3719 
6 left 0.811 0.2600 
natural frequency of the left-side span). The amplitude of motion at the midpoint of 
the left-side span is shown in Fig. 4.15. A beating on the time signal can be clearly 
seen, and an exponential decay is present. As the higher frequency transients die out, 
and the cable reaches a steady state decay motion controlled by the fundamental 
frequency in approximately 300 seconds. The corresponding displacement at the 
support point is shown in Fig. 4.16 where the presence of a exponential decay and 
beating are evident. The motion at midpoint of the right-side span is shown in 
Fig. 4.17, where a motion similar to that shown in Fig. 4.1-5 for the midpoint motion 
of the left side span is seen to occur. 
The force transmitted to the support tower is dependent on the support motion, 
the support-spring constant, the support damping, and the support velocity. The 
resulting force is shown in Fig. 4.18. 
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B <  
Omega = 0.275 Hz ; EPo = 1.00 N at 1/2 Left Span 
d/L = 0.510 
ro = 1.302kg/m ; Ten = 16161.13N ;zeta_C= 0.020 
nu_S = OiO ; tau_S= 7.00 ; 20ta_S= 0.080 
DispLLettS 
100 200 
Time [s] 
300 
Figure 4.15: Displacement at midpoint of the left-side span x  =  d / 2  -  TS 
fixed ends 
= 7.0 -
Omega = 0.275 Hz ; EPo = 1.00 N al 1/2 Uft Span 
d/L = 0.510 
ro = 1.302kg/m ; Ten = 16161.13N :zeta_C= 0.020 
nu_S = 020 ; tau_S = 7.00 ; zeta_S = 0.080 
m 
DispLSupport 
I' 
100 200 300 
Time [s] 
Figure 4.16: Displacement at the support point - TS = 7.0 - fixed ends 
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Omega = 0.275 Hz ; EPo = 1.00N at 1/2 Left Span 
d/L = 0.510 
ro = 1.302kg/m ; Ten = 16161.13N :2eta_C= 0.020 
nu_S = 0.20 ; tau_S = 7.00 ; zeta_S = 0.080 
• H • Displ_Righl/2 
i l  J  1  A  I t  y  J  It III miiiiiilkillltiiiiiitii ] 
1  pf 
. 
0 100 200 300 
Time [s] 
Figure 4.17: Displacement at midpoint of the right-side span x  =  d  { L  —  d ) l 2  -
Ts = 7.0 - fixed ends 
Omega = 0575 Hz ; EPo = 1.00N at 1/2 Left Span 
d/L = 0.510 
ro = 1.302 kg/m ; Ten = 16161.13 N ;ze!a_C= 0.020 
nu_S = 0.20 : lau_S = 7.00 ; zeta_S = 0.080 
300 
Foree_Support 
200 
-100 
-200 
-300 
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-600 
0 100 300 200 
Time [s] 
Figure 4.18: Force transmitted to the tower by the absorber system - rs = 7.0 -
fixed ends 
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Table 4.5: Damped cable with support and both ends fixed -
natural frequency and damping ratio TS = 200.0 
P  = 1.302%/m L  =  404.774m 
r = 16,161.13iV 
o
 
O
 
O
 I
I C s  =  0.080 
1/ = 0.510 MS = 0.200 
L J s  = 1.385^2 
Index Type Frequency [ Hz ] Damping Ratio [ % ] 
1 left 0.270 0.7819 
2 right 0.281 0.7510 
3 left 0.541 0.3911 
4 right 0.563 0.3757 
5 left 0.810 0.2610 
6 right 0.844 0.2509 
For the case where all the other variables were kept constant and the spring-
support ratio was increased to ts = 200.0, the first six natural frequencies and their 
damping ratios are shown in Table 4.5. For this case, the support natural frequency 
has increased to l.SSSffz which is well above the cable's fundamental natural fre­
quency. A comparison with Table 4.4 shows that while the left-span natural frequency 
decreased slightly, the right-span fundamental frequency had a larger decrease in 
value. The time response was once again simulated, with a different excitation fre­
quency fl = 0.270if2, but still with the left-span natural frequency. 
The displacement at the midpoint of the left-side span is shown in Fig. 4.19, 
where the exponential decay and a slight beating can be seen. The displacement 
at the support point is shown in Fig. 4.20, where the presence of the beating is 
significant. This beating is caused by the small difference between the fundamental 
frequency of each left and right span. 
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Figure 4.19; Displacement at midpoint of the left-side span x = d j 2  -  TS =  200.0 
fixed ends 
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Figure 4.20; Displacement at the support point - TS = 200.0 - fixed ends 
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The motion at the midpoint of the right-side span is shown in Fig. 4.21; it shows 
a behavior similar to that in the motion for the midpoint of the left-side span, with 
the amplitude of motion stabilizing around -3.75 in contrast to the amplitude of 
around -4.75 shown in Fig. 4.17, when the spring-support ratio was smaller. 
Omoga = 0570Hz ; EPo = 1.00 N atiy2LeftSpan 
d/L = 0.510 
ro= 1.302 kg/m ; Ten = 16161.13 N :zeta_C= 0.020 
nu_S = 0.20 : lau_S= 200.00 ; zela_S= 0.080 
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Figure 4.21: Displacement at midpoint of the right-side span x  =  d  { L  —  d ) l 2  -
Ts = 200.0 - fixed ends 
The force transmitted to the tower structure is shown in Fig. 4.22, where the 
average of the force magnitude has increased by a factor of 5 when compared to the 
force shown in Fig. 4.18. Although the displacement at the support has its average 
amplitude reduced by a factor of 5, the large value of the spring constant at the 
support result in a larger value for the force transmitted to the structure. 
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Omega = 0270 Hz ; EPo = 1.00N at 1/2 Left Span 
d/L = 0.S10 
to = 1.302kg/m : Ten = 16161.13N ;zeta^C= 0.020 
nujs = 0.20 : tau_S= 200.00 ; zeta_S= 0.080 
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Figure 4.22: Force transmitted to the tower by the absorber system - TS = 200.0 
fixed ends 
Damped cable with damped support and damped mass-spring 
attachment at the ends 
Since the previous mathematical models have fixed ends, and we change them 
by introducing a damped mass-spring attachment that will allov/ the ends to move 
up and down and will therefore generate two more external forces on the differential 
equation of the vertical motion for the cable system. A schematic for this system is 
shown in Fig. 4.23. The governing differential equation of motion is 
d ' ^ y i x ^ t )  d y i x ^ t )  „  ,  .  s  
T  —— — c — — Fs{ x , t )  +  E { x , t )  
dx^  d t  
Fcix^ t )  -  FR{x , t )  -  pg = p d ^ y { x , t )  
dt^ (4.48) 
where 
FLix , t )  =  
dt^ d t  
S { x  -  0) (4.49) 
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Figure 4.23: A taut damped cable with damped mass-spring at the ends and 
damped mass-spring support at x = d 
FR{x , t )  =  d ^ y { x , t )  d y ( x , t )  MR +  CR ^ -H KR y { x , t )  d t  S { x  —  L )  (4.50) 
and 
© CL [N s / m ]  —  damping at the left attachment 
•  CR [N s / m ]  —  damping at the right attachment 
Using the roots determined in Equation 3.51 and the mode shapes given by 
Equation 3.57 and Equation 3.58, we can rewrite the differential equation in matrix 
notation as 
P  [  X ( x )  ]  { Q { t ) }  -F M s  [  X { d )  ] {QW} + M L  [ X(o) ] { Q { t ) }  +  
+  M R  [  X { L )  ]  +  c  [  X ( x )  ]  +  C s  [  X { d )  ]  { Q ( i ) }  +  
+ C l [ X(0) ] {Q(i)} + C R X { L )  ]  { Q(0} +  
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+ + 
+ Ks 
P  [  X { x )  ] [ A ] {(5(f)} 
X[D)  ]  {Q{ t ) }  + KL  [ X(0) ] {Q{ t ) ]  + KR  [  X{L)  ]  {Q{ t ) ]  
=  {  E { x , t )  }  -  {  p g }  (4.51) 
Again, premultiplying by [ X { x )  , we obtain an eigenproblem similar to that 
presented in Equation 4.20 in which the new mass, damping, and stiffness matrices 
are defined by 
[ M* = P [  X T X  ]  +  Ms [  X T X d  +  
+  M l  [  X T X O  ]  +  M k  [  X T X L  (4.52) 
C* = c [ X T X  ]  +  Cs [  X T X d  ]  +  
+  C l  [  X T X O  ]  +  [  X T X L  (4.53) 
K'  =  P  X T X  ]  [  ^  ]  +  ^ ^ ^  [  ^ T X d  
h KR [ 
+ 
+  K l  X T X O  X T X L  (4.54) 
where 
[ X T X O ]  =  [ X ( x ) f  [ J ^ ( 0 ) ]  ( 4 . 5 5 )  
[  X T X L  ]  =  [  X { x )  Y  [ X { L )  ]  (4.56) 
which can be seen as the influence of the left and right ends on the motion of the 
cable system. 
We will find a final solution for the time-based function similar to Equation 4.44, 
with a constant complex vector {60} dependent on the initial conditions, similar to 
that found in Equation 4.45. 
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Transient response at selected points when exciting left span with a 
point load at its midpoint 
Using a computer program similar to one used for a cable system with fixed 
ends, we computed the time-decay response for motion at specific locations. As we 
are interested in amplitudes of motion developed in the spans and forces transmitted 
to the tower structures, the time responses were computed for motion at the left end, 
the midpoint of the left-side span, the support point, the midpoint of the right-side 
span, and the right end. The computer program also calculated the forces transmitted 
to the tower structures at the left end, the support, and the right end. 
These computations were done for the physical parameters given in Table 4.6; 
we used a soft spring at the support and stifFer springs at the ends. We assumed the 
mass of the insulator and other attached hardware at the ends to be about 10% of 
the cable's mass. The damping ratio at the ends was the same as the cable damping 
ratio Cc = 0.02, and the damping ratio at the absorber was four times bigger. The 
natural frequencies US, and UJR are computed for mass-spring at the support and 
at the attachment at the ends. 
A point-load excitation was applied at the midpoint of the left-side span. This 
l o a d  h a d  a  m a g n i t u d e  o f  E P Q  =  1 . 0  N  a n d  a n  e x c i t a t i o n  f r e q u e n c y  Q ,  =  0 . 2 6 4  H z ,  
which is the first cable system natural frequency (left-side span fundamental fre­
quency). 
Table 4.6 shows the first six natural frequencies and damping ratios of the cable 
system. These frequencies are classified by type in this table. It can be seen that the 
natural frequency of the dynamic absorber is higher than the fundamental frequency 
of both spans. 
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Table 4.6; Damped cable with damped support and damped 
mass-spring attachment at the ends - natural frequency 
and damping ratio TS = 7.0 
p  =  l . Z Q U k g j m  L  = 404.774771 
r = 16,161.13iV 
Cc = 0.020 1/ = 0.510 
f iL  — 0.100 US = 0.200 Hn = 0.100 
TL = 80.0 tr = 78.0 
CL =  0.020 
o
 
oo o
 
o
 
II CR = 0.020 
W i  =  1 . 2 d 9 H z  u j s  =  O . Z Q Z H z  ( j jR  =  1 . 2 2 Z H z  
Index Type Frequency [ Hz Damping ratio [ % ] 
1 Left 0.264 0.7544 
2 Right 0.278 0.7486 
3 Support 0.368 0.1644 
4 Left 0.543 0.3847 
5 Right 0.565 0.3687 
6 Left 0.815 0.2563 
The amplitude of motion at the left end is shown in Fig. 4.24, where the beating 
is present, and there is a small average amplitude of motion due to the high spring 
constant. The corresponding force transmitted to the structure is shown in Fig. 4.25, 
and Fig. 4.25 shows the displacement at the midpoint of the left span. 
Fig. 4.27 shows the motion amplitude at the support, and Fig. 4.28 shows the 
force transmitted to the structure by the absorber. The motion at the midpoint of 
the right span is shown in Fig. 4.29. 
Finally, Fig. 4.30 and Fig. 4.31 show, respectively, the amplitude of displacement 
and magnitude of force transmitted to the structure at the right end. 
A decrease in the peak values of force and displacement when the ends are 
allowed to move can be seen. Although we can not directly compare these values, 
the amplitudes of the decrease are a good indication that flexibility at the support 
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Omega = 0263 Hz; EPo = 1.00 N at 1/2 Left Span 
nu L = 0.10 ; nu_S = 0.20 ; nu R = 0.10 
tau_L =80.00 ; tau_S = 7.00 ; tau_R =78.00 
zrta_L= 0.02 : 2ela_S= 0.08 : zela_R= 0.02 
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Figure 4.24: Displacement at the left end a; = 0 - rs = 7.0 - attachment at the ends 
can mitigate the magnitude of the forces transmitted to the support structures. 
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Figure 4.25: Force at the left end - rs = 7.0 - attachment at the ends 
Omega = 0.263 Hz: EPo = 1.00 N at 1/2 Left Span 
nu_L =0.10 ; nu_S = 0.20 ; nu_R = 0.10 
tau_L =80.00 : tau_S = 7.00 ; lau_R =78.00 
z^a_L= 0.02 : zeta_S= 0.08 : zela_R= 0.02 
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Figure 4.26: Displacement at midpoint of the left-side span x  =  d j l  -  TS =  7.0 -
attachment at the ends 
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Figure 4.27; Displacement at the support point - a: = d - ts = 7.0 - attachment at 
the ends 
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Figure 4.28: Force transmitted to the tower by the absorber system - TS = 
attachment at the ends 
7.0 -
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Omega = 0.263Hz; EPo = 1.00N at 1/2LeflSpan 
nu_L = 0.10 : nu_S = 0.20 ; nu_R = 0.10 
tau_L = 80.00 : tau_S = 7.00 ; tau_R = 78.00 
zeta_L= 0.02 ; zeta_S= 0.08 : zeta_R= 0.02 
-3.7 
 ^ -3.8 
B 
3 AS 
O. 
E 
-3.9 
•4.0 
0 100 200 300 
Time[s] 
Figure 4.29: Displacement at midpoint of the right-side span x  =  d  +  { L  —  d ) l 2  -
Ts = 7.0 - attachment at the ends 
Omega = 0563 Hz; EPo = 1.00 N at 1/2 Left Span 
nu_L = 0.10 ; nu_S = 0.20 ; nu_R = 0.10 
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Figure 4.30: Displacement at the right end X  =  L - T S  =  7 .0 -  attachment at the 
ends 
92 
Omega = 0263 Hz ; EPo = 1.00 N at 1/2 Left Span 
nu_L = 0.10 : nu_S = 0.20 ; nu_R = 0.10 
tau_L = 80.00 : tau_S = 7.00 ; tau_R = 78.00 
zela_L= 0.02 ; zeta_S= 0.08 ; zeta_R= 0.02 
Figure 4.31: Force at the right end - rs = 7.0 - attachment at the ends 
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CHAPTER 5. EXPERIMENTAL RESULTS FROM A PROTOTYPE 
To validate the nonlinear mathematical model, a highly versatile energy absorber 
system using an air spring was designed, built, and installed on a power line. 
Experiments were conducted on these power lines in order to evaluate the amount 
of damping that occurs with and without the energy absorber system. Three different 
methods of analysis were used to evaluate the amount of damping in each of the three 
phases. The methods used were exponential curve fitting, energy loss per cycle, and 
kinetic energy ratio. The effectiveness of the energy absorber concept presented in 
Chapter 2 can then be evaluated based on the computed experimental results. This 
chapter describes the experimental apparatus, the experimental procedures, and the 
methods of data analysis. 
Experimental apparatus 
A schematic of the air spring system is shown in Fig. 5.1. The air system has 
six air tanks, each with its own valve connected to the main air line. The spring 
rate is changed by adding volumes 1 through 6 to the system, and the air damping 
is controlled through the gate valve, which can be adjusted to control the amount of 
support damping. 
The air bag system was mounted between two poles on top of the crossarms, as 
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Air Tanks 
T V T V 
Gate Valve Comoressor 
/ 
Air Bags 
Figure 5.1: Schematic of the air bag system 
seen in Fig. 5.2. The load cells pictured in Fig. 5.2 allow a comparison of forces to 
be made between two standard lines and the line with energy absorption. 
A displacement transducer measures the insulator motion XM -, and a force trans­
ducer measures the insulator support force Fm- The insulator support forces Fyi and 
Fs were also measured on the south and north lines for comparison purposes. 
Fig. 5.3 shov/s the location of the instrumented tower relative to adjacent towers 
where a significant mismatch in span length (A, B, and C) occurs in the test re­
gion. Such large span differences cause major differences in the fundamental natural 
frequencies of the line. 
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Air Bags 
Cable Cable / 
7777 75^ 
Figure 5.2: Schematic of the apparatus on the tower 
Exciting the conductors 
Excitation forces were applied near midspan points A and B shown in Fig. 5.3 by 
a single person pulling on the cable through a nylon rope and a hot stick. It only took 
four to six good pulls on the rope in synchronization with the power line response 
to achieve aniplxtudes in excess of 10 ft. Kence, the lines proved to be surprisingly 
easy to excite. Usually the lines were de-energized for the tests. All three lines were 
excited in a similar way. 
The data were collected and recorded with a portable PC type computer. A 
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Instrumented Tower 
666 ft 658 ft 483 ft 670 ft 657 ft 797 ft /rnnW 
3W 2W 2E 3E 1 
Figure 5.3: Schematic representation of the power line section 
data acquisition program was written and used to control the pressure in the air bags 
and also to record the signals during the experiment. The signals recorded were force 
i^AT at the north line, force FM and displacement XM at the middle line, and force 
Fs at the south line. 
Data analysis 
With the data stored in the microcomputer, frequency analysis of the signals 
Wets done to identify the main frequencies excited. Because of the large difference 
in span lengths, this frequency analysis revealed only the fundamental frequency for 
each span, which ranged from 0.24 Hz to 0.25 Hz for span B and was 0.30 Hz for 
span A. The time-response signals, forces, and displacement were used to estimate 
the system's damping. Typical force responses for the middle span when excited at 
points A and B, respectively (see Fig. 5.3) are shown in Fig. 5.4 and Fig. 5.5. 
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It is evident from these responses that the upper envelope of Fig. 5.4 looks a 
lot like an exponential decay, while the bottom envelope shows a small amount of 
beating. The data in Fig. 5.5 contains two frequencies which result in considerable 
beating. 
These data were analyzed in two ways using a basic, damped-vibration, time 
history model that has an basic exponential fit. The simpler model is described by 
F°^^{t^ Fq -{• -Fi exp( — uJi f) sin(a;ii + ) (^-l) 
where 
• Fo [iV]— static force amplitude 
•  Fi [ N ] —  first harmonic force amplitude 
® Ci [1]~ first harmonic damping ratio 
» ui [rad/s]— first harmonic frequency 
• <j)i {ra(J\— first harmonic force phase angle 
while the second, more complete model is given by 
F*'^°{t) = + f2 exp( — ^2't'2 0 sin(a;2r + ?'2 ) (5.2) 
where 
• F2 [iV]— second harmonic force amplitude 
• C2 [1]— second harmonic damping ratio 
• u}2 [rad/s]— second harmonic frequency 
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• <^2 \rad\— second harmonic force phase angle 
The displacement Xnfii) was analyzed using Equation 5.1 and Equation 5.2 with the 
forces replaced by displacements. 
We first tried to fit an exponential decay curve to the signal's upper (top) and 
lower (bottom) amplitudes by using the first two terms in Equation 5.1. This method 
was acceptable for data similar to that in Fig. 5.4, but not acceptable for data similar 
to that in Fig. 5.5. We then used MATLAB(R) software that employed a least 
square's parameter estimation scheme using the mathematical model of Equation 5.2. 
This scheme allows two different exponential decay functions and two oscillation 
frequencies to be considered at the same time. This method was acceptable both for 
the data shown in Fig. 5.4 and for that shown in Fig. 5.5. 
Due to the complex mechanism involved, an alternative method using the con­
cept of energy loss per cycle was used to evaluate damping. The energy loss per cycle 
Wd[Nm] can be determined by computing the area enclosed in the force-displacement 
curve. This area is referred to as a hysteresis loop and is proportional to the energy 
loss per cycle [27]. The beisic equation used is 
This concept can be applied only to the middle cable since it is the only line 
where we have both force and displacement. The energy loss per cycle due to the 
damping force Fd[N] is computed from Equation 5.3, where either force-displacement 
X\m\ or force-velocity V[mjs\ information can be used. 
Energy loss per cycle 
(5.3) 
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The hysteresis loop can be shown to be proportional to the enclosed area of 
an ellipse, with the principal axis given by the damping force amplitude and the 
displacement amplitude. The corresponding maximum stored energy during the cycle 
can be estimated from 
r, 1 Z' ^dmax ^dmin ^ f ^max ^min ftz a \ 
=  2  j l  2  )  
Therefore, we obtain an energy loss per cycle factor rjw defined as the ratio of the 
energy loss per cycle to the area E a [Nm] so that 
Tjw is also related to the viscous damping ratio by 
T j w  = 2 TT C (5.6) 
where C is the dimensionless damping ratio. 
The kinetic energy ratio 
Assuming that the kinetic energy is proportional to the square of the force am­
plitude, one can show that the loss in kinetic energy for cycle n -|- 1 relative to the 
initial kinetic energy for cycle n is 
A T  VT = = 1 A (n+l) 
2 
, (5.T) 
where A„ is the force amplitude for the n-th cycle and A(„4-i) is the force ampli­
tude one cycle later. If we introduce the logarithmic decrement concept for viscous 
damping, the ratio of any two successive damped oscillation amplitudes is given by 
= exp( 27rC ) (5.8) 
^(n+l) 
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Therefore, Equation 5.7 can be rewritten as 
AT 
7/r = — = 1 - exp( - 47rC ) (5.9) 
from which we caji estimate the dimensionless damping ratio C- The loss factor and 
the kinetic energy ratio are related by 
W = ^ (5.10) 
Z TT 
These equations were used to calculate the results in Tables 5.1 through 5.4. 
Results 
The results in Fig. 5.4 show a single dominant frequency while those in Fig. 5.5 
show the presence of at least two closely spaced frequencies so that beating is su­
perimposed on top of the damped oscillation. The fundamental natural frequency of 
span A is approximately 0.30 Hz while that of span B is approximately 0.25 Hz. 
VT Table 5.1 shows the damping ratio, loss factor r jw,  and — for the north and 
ZTC 
south lines and the frequencies encountered. The damping ratio was obtained from 
TI'T 
the MATLAB(R) routine and used to calculate the loss factor rjw and — from 
27r 
Equation 5.9. The east-side data have a ^ value of around 2.0% at 0.30 Hz while the 
west-side data have a damping value of around 1.0% for the 0.25 Hz natural frequency 
of the west side. The west-side motion also had a 0.30 Hz frequency component that 
showed damping around 0.25% to 0.30%. The east side did not show any 0.25 Hz 
oscillations. The higher east-side damping is due to energy transfer to adjacent spans 
to the east while a similar transfer is blocked on the west side by the 483 ft span C 
(see Fig. 5.3). 
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Table 5.1: Damping ratio and loss factor for north and south lines 
Force 1 - Line number 1 - North 
File-side Freq Hz Damping % IJT 9. TT VW 
1431-E 0.2985 1.8710 0.03335 0.03742 
1433-E 0.3001 1.9400 0.03443 0.03880 
1526-W 0.2531 0.9931 0.01867 0.01986 
0.3061 0.2587 0.00509 0.00517 
1528-W 0.2537 1.0790 0.02018 0.02158 
0.3094 0.7213 0.01379 0.01443 
Force 3 - Line number 3 - South 
File-Side Freq Hz Damping % 'IT 9. TT TJW 
1513-E 0.2992 1.6150 0.02923 0.03230 
The middle line was excited at points A and B with various combinations of air 
tanks and gate valve positions. The damping was estimated by using a MATLAB(R) 
fit to the force at the energy absorber. The results are shown in Table 5.2. The first 
column gives the data file name and the side excited. The type column describes 
the air spring configuration where GVC means gate valve closed, 6T3t means six air 
tanks are active and the gate valve is open three turns, 3T5t means three air tanks 
are active and the gate valve is open five turns, etc. 
From Table 5.2 it can be seen that the damping ratio varies from 1.4% to 2.1% 
when the conductor is excited on the east side. The natural frequency was 0.30 Hz 
in all these cases. When this line was excited on the west side, the damping ratio 
varied from 0.9% to 2.1% with two natural natural frequencies around 0.25 Hz. The 
loss factor and — ratio were calculated from Equation 5.9 by using the measured 
27r 
dimensionless damping ratio C- The west-side damping appears to be higher for the 
middle cable than for the north and south cables. This increase is due to the energy 
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absorber. 
Table 5.3 shows the loss factor for the energy absorber as computed from the 
measured force and the absorber motion using Equation 5.5. The loss factor ranged 
from 0.47 to 0.72 for various combinations of air tanks and gate valve positions. The 
largest energy loss per cycle appears to correspond to a gate valve position in the 
one-to-three-turns range regardless of the number of air tanks used. Thus, it appears 
that the gate valve position is more important than the size of the air volume. 
• Table 5.4 shows the damping as determined from an attempt to fit a single 
exponential curve to the middle cable force decay, where Equation 5.1 is used to 
compute the dimensionless damping ratio. Equation 5.6 to compute the energy loss 
per cycle, and Equation 5.9 to compute the kinetic energy ratio. Again it is seen that 
the same trends found in Table 5.1 are obtained: The gate valve closed averaged about 
2% as in the original system; six tanks and three turns gave the largest dimensionless 
damping ratio, about 2.4%; and for the one tank and three-gate-valve turn conditions 
the dimensionless damping ratio remained about the same, around 2.1%. 
At this time, it is difficult to assess how effective the energy absorber is in 
controlling these transient vibrations for a number of reasons. First, the motion is 
very complicated to analyze. Second, the north and south lines tended to excite one 
another through a slight twisting motion of the tower, and the amount of damping 
obtained from this twisting motion is difficult to assess. Finally, test technique plays 
an important role in the results obtained since some data runs contained transients 
from a previous excitation that caused a large transient. However, it is apparent that 
the middle span shows nearly twice the damping of the north and south spans when 
excited on the west side. This indicates that the energy absorber is effective. 
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Table 5.2: Damping ratio and loss factor for the middle line 
Force 2 - Line number 2 
Method one - line damping 
File-side Type Freq Hz Daxaping % 'ljT_ rjw 
1438-E GVC 0.2985 2.125 0.03730 0.04250 
1442-E GVC 0.2996 1.940 0.03443 0.03880 
1444-E 6Tlt 0.3022 1.541 0.02802 0.03082 
1447-E 6T3t 0.3015 1.912 0.03399 0.03824 
1449-E 6T5t 0.2994 1.630 0.02948 0.03260 
1457-E 3Tlt 0.2998 1.383 0.02539 0.02766 
1454-E 3T3t 0.2980 1.571 0.02851 0.03142 
1451-E 3T5t 0.3005 1.424 0.02608 0.02848 
1500-E ITlt 0.3000 1.937 0.03439 0.03874 
1502-E lT3t 0.3005 1.760 0.03158 0.03520 
1505-E lT5t 0.3021 1.833 0.03274 0.03666 
1534-W GVC 0.2514 0.924 0.01745 0.01848 
0.3048 1.191 0.02212 0.02382 
1539-W 6Tlt 0.2529 1.239 0.02295 0.02478 
1540-W 6T3t 1.260 0.02331 0.02520 
1542-W 6T5t 0.2569 1.707 0.03073 0.03414 
1558-W oiPn-t 1 OS. LI 0.2481 0.955 0.01800 0.01910 
0.2501 1.339 0.02465 0.02678 
1546-W 3T3t 0.740 0.01413 0.01480 
1544-W 3T5t 1.107 0.02067 0.02214 
1556-W ITlt 0.2545 1.315 0.02424 0.02630 
0.2604 1.720 0.03094 0.03440 
1553-W ITSt 0.2555 2.110 0.03707 0.04220 
0.2582 1.985 0.03514 0.03970 
i554-W 1 m»» . i iOt 0.2525 1.179 0.02192 0.02358 
0.2583 3.051 0.05068 0.06102 
0.3020 0.402 0.00784 0.00804 
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Table 5.3: Energy loss per cycle factor for the energy absorber 
Energy loss - force * velocity 
Method two - force x displacement 
File-side Type Freq Hz Damping % r)w 
1438-E GVC 0.2985 27.11 0.5423 
1442-E GVC 0.2996 26.60 0.5321 
1444-E 6Tlt 0.3022 .33.65 0.6733 
1447-E 6T3t 0.3015 35.75 0.7156 
1449-E 6T5t 0.2994 35.10 0.7022 
1457-E 3Tlt 0.2998 36.10 0.7223 
1454-E 3T3t 0.2980 35.95 0.7194 
1451-E 3T5t 0.3005 32.80 0.6560 
1500-E ITlt 0.3000 34.15 0.6834 
1502-E lT3t 0.3005 33.40 0.6682 
1505-E lT5t 0.3021 32.95 0.6598 
1534-W GVC 0.2514 23.85 0.4771 
1539-W 5Tlt 0.2529 0.6112 
1540-W 6T3t 29.15 0.5832 
1542-W 6T5t 0.2569 29.70 0.5948 
1558-W 3Tlt 0.2481 32.15 0.6433 
1556-W ITit 0.2545 34.85 0.6970 
1553-W lT3t 0.2555 32.15 0.6430 
1554-W lT5t 0.2525 32.45 0.6495 
I 
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Table 5.4; Energy loss per cycle factor for the middle line 
Energy loss - force * velocity 
Method three - force amplitude decay 
File-side Type Freq Hz Damping % ' IT W 
1438-E GVC 0.2985 1.843 0.03291 0.03686 
1442-E GVC 0.2996 2.180 0.03814 0.04361 
1444-E 6Tlt 0.3022 2.065 0.03638 0.04130 
1447-E 6T3t 0.3015 2.422 0.04177 0.04845 
1449-E 6T5t 0.2994 2.016 0.03562 0.04032 
1457-E 3Tlt 0.2998 1.800 0.03223 0.03602 
1454-E 3T3t 0.2980 1.077 0.02015 0.02154 
1451-E 3T5t 0.3005 1.733 0.03115 0.03467 
1 cnn T? 1 nni 4. 1 X It A QAAA U.OUUU 2.144 A AO'7KA U.UO/OJ? 0.04289 
1502-E lT3t 0.3005 2.122 0.03725 0.04244 
1505-E lT5t 0.3021 2.093 0.03682 0.04188 
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CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS 
Summary 
The support point was chosen for installation of a dynamic energy absorber 
both because it was readily accessible for the installation and maintenance of the 
absorber and because installation of the absorber at that point would limit the loads 
acting on the supporting tower. This energy absorber concept was first studied as 
a simple two-degrees-of-freedom system in order to see if such a concept had merit 
before embarking on the study of the more complex cable system. The two-degrees-
of-freedom model showed that a well tuned system can reduce the amplitude of 
vibration of the original system by introducing softness at the connecting point with 
the support structure so that the impact loads on the structure are reduced, which 
in turn mitigates hardware failure. 
The basic equations that govern the dynamic behavior of a cable under various 
support conditions and simplifying assumptions were formulated and studied. Ini­
tially the models were assumed to be undamped and the first case studied consisted 
of a single-span taut string modelj two versions of this model were considered, one 
with ends fized and one with the ends allowed to move. Then, the same study was 
repeated for a two-span taut spring model with a mass-spring central support. The 
effects of introducing a mass-spring support at a central point show that the position 
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of this support is a important parameter in determining the dynamic behavior of the 
cable system. 
The maximum-amplitude span ratios of left side to right side for the first three 
natural frequencies give information about the possibility of detuning the spans sim­
ply by using variable spans lengths. The spacing between towers can be used to 
detune the natural frequencies of adjacent spans, which may reduce the possibility 
of galloping vibrations in adjacent spans exciting one another. 
It was found that the natural frequencies of the cable changed as the support 
position d — vL was varied. At times, the lower natural frequency for the long 
span that corresponds to the next higher mode and the higher natural frequency 
from the short span that corresponds to the lower mode cross one another. These 
frequency crossings must be taken into account when writing a numerical simulation 
program since the final geometric coordinate vector will be affected by the order of 
the columns in the mode shape matrix. The column order must agree with the order 
of the damped natural frequencies computed by solving the eigenvalue problem. 
The inclusion of damping considerably increases the difficulty of solving the 
differential equation of motion for the combined cable-support system. However, the 
mode-summation method was successfully applied to this constrained cable structure. 
The specific cases where this methodology was successfully applied were a damped, 
single taut cable with fixed ends; a damped two-span cable with a mass-spring-
damped central support with both ends fixed; and a damped two-span cable with 
a mass-spring-damped central support with a two mass-spring-damped boundary 
condition. 
To verify these concepts discussed above a highly versatile energy absorber sys-
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tern using air springs was designed, built, and installed on an active 161kV power 
line, near JeiFerson,Iowa. The amount of damping introduced by the absorber in the 
middle line was calculated and compared with that seen in two other standard lines 
that did not have an absorber. At this time, it is difficult to assess the complete 
effectiveness of the energy absorber in controlling the transient vibrations. How­
ever, it is apparent that the middle line shows nearly twice the damping seen in 
the standard lines. This indicates that the energy absorber is effective. The results 
obtained with the numerical simulation were in agreement with the trends obtained 
from experimental data measured in the field. 
Conclusions 
• A simple two-degrees-of-freedom system shows that foundation softness and 
damping have the potential to reduce original system ampUtudes of vibration. 
® The mode-summation method was successfully applied to this class of problem, 
and the same type of behavior was observed in the field where we have i/ « 0.55. 
o The advanced model analysis indicated that the energy absorber device reduced 
cable motion while reducing the forces transmitted to the supporting tower. 
« Field data supports the concept that the energy absorber can introduce at least 
twice the apparent damping seen in the original system. 
Recommendations 
For a better understanding of the galloping phenomena it is recommended that 
further investigation be made into the following areas. 
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Optimization for spacing adjacent spans 
The effect of two adjacent spans galloping at their own fundamental frequency. 
- Does this create beating motion? - How do a soft support versus stiff support 
affect the impact loads? - (Note the instrumented tower in Jefferson,lA has a 
spring constant on the order of 3 * lO^N/m). 
Theoretical verification that is possible to identify the amount of damping in­
troduced into the system by the energy absorber. If identification is possible, 
field measurements should be made by installing additional force transducers 
at adjacent towers. 
Introduction of longitudinal motion (longitudinal stiffness) at the end supports 
of the cable in order to simulate the motion caused by the swing of the insulator. 
I l l  
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APPENDIX A. ROOT EQUATION FOR A CABLE WITH SUPPORT 
AND MASS-SPRING ATTACHED AT EACH END 
The resulting equation of the motion in the vertical direction is given by 
d'^y{x,t) d'^y{x,t) 
Using the separation of variables approach, we can write y{x,t) as 
y { x , t )  =  X i x )  Q { t )  (A.2) 
Thus, Equation A.l can be rewritten as 
Q ( t )  T X " ( x )  , 2  
The general space function solution is given by 
X L { x )  = Ax, sin + Bicosf^-^^ 0  <  x  <  d  (A.4) 
V a / \ a J 
XR{ x )  =  Aftsin BRCOS d  <  x  <  L (A.5) 
where X L { x )  refers to the left span, X R { x )  refers to the right span, and the phase 
speed of the wave is defined by 
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The boundary conditions require the spatial derivatives of each of the general 
space function solution equations. These derivatives are given by 
X L ' { x )  =  -
a 
X R ' { X) = -
A ! •^ O • A ^ c o s j  1  —  i j £ s m i  
AR cos j - BR sin 
Q < X < d 
d < X < L 
The left-end boundary condition at x = 0 requires 
RP d y i O , t )  d ^ y { 0 , t )  
and the right-end boundary condition at x = L requires 
The dynamic force balance condition at the support must satisfy 
d y { x , t )  
dx - T 
d y { x , t )  
dx 
=  F s { x , t )  1 ^ ^ ^  
^=d—e x=d+e 
where the force at the support transmitted to the tower is given by 
r? x\ S ' S ^ X ,  0 )  =  M s  -i- K s  y { x , i )  
and the continuity condition at the support requires 
U  =  d - e  =  \ x  =  d  + £ 
(A.7) 
(A.8) 
(A.9) 
(A.IO) 
(A.ll) 
(A.r2) 
(A.13) 
Applying Equations A.2, A.3, A.4, and A.5 to these conditions and assuming that 
the time-based function Q{t) is not zero all the time, we have the left-end boundary 
condition that is given by 
T A 
Al + ( Mi - Kl ) BL = 0 (A.14) 
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a right-end boundary condition that is given by 
X L \  T  X  
+ 
( m„ A^  -  K n )  j -  ^  ,  
{ MR X"" - KR) COS sin ^ ^ ^ 
a dynamic force balance condition that is given by 
X d \  T  X  
•A-R + 
BR = 0 (A.15) 
( Ms - Ks ) sin ( A d  cos 
a \ a 
+ ( Ms X"^ — Ks^ cos I \ sin f 
+ 
T  X  f  X d \  
cos j 
a \ a / 
T  X  .  f  X d  
AR - sm 
a \ a 
AL + 
BL + 
BR = 0 (A. 16) 
and a continuity condition that is given by 
.  f X d \  ^  f X d \ ^  .  f X d \  ^  f ^ d \ „  „  
sm ( J AL + cos I \ BL — sin I j — cos I \ BR = 0 (A. 17) 
To simplify the analysis we define the dimensionless values given in Table A.l. 
We also define some dimensionless quantities 
= (J-L 
- TL (A.18a) 
= MS 
— T5 (A.lSb) 
= MR 
- TR (A.18c) 
Thus, we can rewrite the dimensionless boundary condition for the left end as 
cr Ai -f Bl — 0 (A.19) 
the dimensionless boundary condition for the right end as 
[ sin(cr) - cr cos(c7) ] Ar + [ cos(cr) + cr sin(<t) ] Br = 0 (A.20) 
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Table A.l: Dimensionless variables 
Variable name Variable symbol Variable definition 
Frequency <7 XL 
a 
Left end mass ratio ML 
ML N = —J 
P L 
Left end spring ratio TL 
KL L 
N = J, 
Support mciss ratio Ms 
Ms 
= —jr 
P L 
Support spring ratio rs 
Ks L 
TS = J, 
Support position ratio V 
d 
" ~ L 
Right hand side support ratio Ld Ld = 1 — u 
Right end mass ratio MR 
MR MR = —T 
P L 
Right end spring ratio TR 
T 
T R  =  j , - -
the dimensionless dynamic force balance as 
[ ^5 sin(<T v) — a cos(cr ] Ai, + 
+ [ '9s cos(<T v) + a sin(cr i/) ] B L + 
+ <7 cos(cr z/) Ah + cr sin(£r I/) BR = 0 (A.21) 
and the dimensionless continuity condition as 
sin{a I/) Ajj + cos(<7 u) BL — sin{u i/) AR — cos{cr u) BR — 0 (A.22) 
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From Equation A. 19 we have 
AL = - — BL (A.23) 
<7 
From Equation A.20 we have 
= - ' l" ""W - (A.24) [ Wr cos(cr) 4- <7 sin(cr) J 
Substituting these equations into Equation A.21, we obtain 
+ ^si.(a)] n. ^ 2 
0-2 life 
where 
Ho = [ ] sin( <T 1/ ) — [ + $5 ] o- cos( a u ) (A.26) 
Hi = cos( a  L d )  + tr sin( a  L d  ) (A.27) 
Thus, Equation A.24 becomes 
Bn = - I 1 1. B, (A,28) 
<7^ lift 
Substitution of Equations A.23, A.25, and A.28 into Equation A.22 gives 
— sirJa- y) f — Bz, + cosfcr i/) Br — 
\ a J 
- sin{a- v) [ cos((7) + a sin(cr) ] ^ ^ Bl + 
+ cos(o-f) [ sin(<t) - a- cos((t) ] f ) B^ =0 (A.29) 
\a^ lib J 
If Bl = 0 we have the trivial solution; therefore, we can multiply Equation A.29 
through by ^ ^, to obtain 
\ / 
— sin(cr i/) cr Hi, + cos(cr i/) Xlt — 
— sin{cr v) [ cos(cr) + cr sin(<7) ] Ila + 
+ cos(cr v) [ sin(a) — cr cos((t) ] ha = 0 (a.30) 
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Simplifying, we finally obtain the dimensionless transcendental equation for the 
natural frequencies 
[^Hsin((T£<f) — (3-cos(<7L<i)]na + [<Tcos(crz/) — ^£,sin(<TI/)](Tn6 = 0 (A.31) 
With the cr„ root calculated from Equation A.31, we rewrite Equations A.18, 
A.23, A.25, A.26, A.27, and A.28 to substitute into Equations A.4 and A.5 to obtain 
the space function solution 
0 < X < d (A.32) 
d < x  <  L  (A.33) 
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APPENDIX B. TIME SOLUTION FOR A GENERAL 
EIGENPROBLEM 
The matrix form of a general eigenproblem can be written as 
{i^} = [A] { z i t ) }  +  {MO} (B.l) 
where [A] is a real square matrix of order 2 N p  and is the forcing excitation 
column vector. The eigenproblem can have complex eigenvalues which for simplicity 
of notation we can write as the elements of a diagonal matrix such as 
where is the eigenvector matrix in which each column represents the eigen­
vector for its respective eigenvalue. 
According to Newland [30], we can use a coordinate transformation to uncouple 
Equa t ion  B . l  in to  a  2 N p  f i r s t -o rde r  d i f f e ren t i a l  equa t ions .  Thus  we  de f ine  a  new 2 N p  
column vector q by the transformation 
[ diag 6i] = [ 0 ] (B.2) 
This matrix has the following property 
[ 0 ]  =  [ c / ]  [ ^ ]  [ c ^ ]  (B.3) 
(B.4) 
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Substitution of Equation B.4 into Equation B.l gives 
[ ^ ]  7 t  " [ ^ ] [ ^ ] 
and premultiplying by J/ | , we obtain 
^  { ? ( < ) }  =  [ u ]  '  [ ^ ] [ C/ ] { q { t ) }  + [ ] ' {/»(0} (B.6) 
Then, we use Equation B.3 in Equation B.6 so that we can write Equation B.6 as 
^  { l i t ) }  =  [  O i  ]  { q { t ) }  +  { < l > { t ) }  (B.7) 
where {?i>(t)} denotes the column vector defined as 
{m} = W)} (B.8) 
Therefore, considering the r-th row of Equation B.7 we obtain 
+ Mt) (B.9) 
Equation B.9 is a first-order linear differential equation to be solved for q/yt) 
with Or constant and with (prit) being the mode participation factor for the forcing 
excitation load on the r-th eigenvalue. Multiplying Equation B.9 by the integrating 
factor exp{—Brt)^ we obtain 
d  
e x p { - 9 r t )  —  q ^ i t )  =  e x p { - 9 r t )  6 r  q r i t )  + e x p { - 9 r t )  ( l > r { t )  (B.IO) 
Rearranging the terms yields 
d  
—  [  e x p { - 0 r t )  q ^ i t )  ]  =  e X p i - O r t )  ^r(i) (B.ll) 
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Integration of this equation gives 
e x p{—0rt)  q r { i )  = j  e x p { — 6 r t )  d t  +  (B.12) 
where b r  is an arbitrary constant of integration. Multiplying through by e x p { 6 r t )  
gives the solutions for the normal coordinates 9,(0 
q r { t )  =  e x p { 9 r t )  J e x p { — O r t )  d t  + e x p { 6 r t ) b r  (B.13) 
There is a similar result for each of the other 2Np rows of Equation B.9. Thus, 
we can combine them back into a matrix form to obtain 
{qi't)} = [ diag exp(0i t) j * 
* diag exp(— t) j [ ^ ] } | (B.14) 
where { 60 } is a column constant vector determined from the initial conditions. 
The solution for the original coordinates for the time-based solution can be 
recovered from Equation B.14 using the transformation in Equation B.4, so we obtain 
f  i  0 ( t )  k, 1 
{ 4 i ) }  =  ^ ; '  V '  f  =  i  1 { J ^ diag exp( di t) 
|y diag exp(- t) j [ J7 ] { h{t) } + { 60 } | (B. 15) 
Now, we write the column vector h { t )  as a combination of the external excitation 
participation and the gravitational field participation given by 
{ h { t ) }  =  { M ® ) }  e x p ( j m )  -  { h g { x ) }  (B.16) 
where {/i£;(x)} is a column vector depending on the load applied, fl is the excitation 
frequency, and {^^(a:)} is the gravitational load. Thus, the integral term on the 
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right-hand side of Equation B.14 becomes 
J diag exp (- i) j C j { h{t)  }  dt  =  
j  [ diag exp(- 0,- f) ] [ exp(jfii) dt -
-  J diag exp(- t) ] [ (7 j (B.17) 
But, rewriting the diagonal matrix as a product of the identity matrix and a column 
vector gives us 
diag exp(— f) | = [^ / | {6xp(— 0,- t)} (B.18) 
Therefore, Equation B.17 can be written as 
J ^ diag exp(— 6i t )  ^  ^ }  dt  = 
I I J {exp{jQ.t - 0,f)} (/it t/ j {hsix)} + 
- [ / ] / {exp(- Oi t)} ] {hgix)} (B.19) 
Solving the integrals and rearranging we have 
J diag exp (- f) j (7 j { h{t)  }  dt  = 
diag exp(- t)  |  [ diag ]_ g.  ]  [  |  exp{j9,t)  + 
+ diag exp(- 6i t )  j ^ diag ^ ] [ (B.20) 
Consequently, the solution for the original coordinates in Equation B.15 becomes 
{ } = 
U  ^ diag 1 jQ - Si U  
-1 
{ Q { i )  } N, 
I { «(') J 
{ft£;(x)} exp(jfii) + 
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+  [ u ] [ d i a g j : ] [  U  ]  { K i x ) }  +  
+ [ t/ ]  [  diag exp{9i t)  { } (B.21) 
